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1. INTRODUCTION

There is a variety of excellent articles and books on the topics treated in this
lecture. We have used a combination of these in order to prepare these notes. A
(non-exhaustive) selection of references can be found in the bibliography at the end.

Let us briefly introduce some general framework in which several interesting
results and questions from number theory can be phrased.
Given k-sequences AV ... A®) C NU {0} of non-negative integers we write

k
A:ZA(i):{n:al—k...qLak:aiEA(i) fori=1,...,k}.

=1

In general one is interested in the properties of A such as its density in N. Let us
give some examples.

e (Fermat) For Q; = {n*: n € NU{0}} we have {p prime: n =1 mod 4} C
Q2 + Q2.

e (Lagrange) If @), is again the set of squares, then we have Q3 + Q2 + Q2 +

e (I. Vinogradov) Let P = {p prime} U {0}. There is a constant C' > 0
such that {n odd: n > C} € P+ P + P. (Due to quite recent work of
H. Helfgott it is now know that we can take C' = 5. This is known as
Goldbach’s weak conjecture.)

e (Hilbert) Let k£ € N and set Qy = {n*: n € NU{0}}. Then there is an
integer g = g(k) such that NU {0} = >°7 | Qk. (This was conjectured by
Waring and runs under the name Waring’s problem. A more elegant proof
was later supplied by Hardy and Littlewood as well as I. Vinogradov.)

We call a set A C NU{0} a basis (for N) of order k if
NCcA+...+A.
—_—

k times
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Given a set A as above we define the (Schnirelmann)-density of A in N by

d(A) = int FAD L),
n n
We will see the elementary but very interesting result which says that any set
{0} ¢ A ¢ NU {0} with positive density is a basis for N. This together with
Vinogradov’s result towards the weak Goldbach conjecture implies that P U {1}
is a basis for N. (Note that the sequence P itself has density 0!) But it does not
give us any useful information on the order of the basis. The (strong) Goldbach
conjecture now asserts that

{neven:n >4} C P+ P.

Thus, together with the weak Goldbach conjecture we would get that P U {1}
is a basis of order 3. Even though some results towards the (strong) Goldbach
conjecture are available it is still open in general.

2. NOTATION

We summarize some standard notation:

e Let f € Rand g € R,. We write f < g if there exists a constant C' such
that | f| < Cg. If the constant C' depends on some parameters we indicate
this by adding a subscript. For example we could write —2" <, e* for all
T e Rzl‘

e We write e(z) = @,

e For a,b € Z we write (a,b) € N for the greatest common divisor (short
ged or ggT). This generalizes to (aq, ..., a,), meaning the greatest common
divisor of all the numbers in the bracket.

o If not explicitly stated otherwise the letter p is reserved for primes.

e Given an integer n we write d(n) for the number of divisors. This is

d(n):ﬁ{aEN:a|n}:Zl.
aln

e We write ¢ for Euler’s totient function, pu for the Moebius function and 2
for the number or prime divisors.

3. SOME ELEMENTARY CONSIDERATIONS

We start this lecture by some elementary considerations following [?]. In particu-
lar, we will conclude this chapter by presenting an elementary solution of Waring’s
problem.



THE CIRCLE METHOD AND WARING’S PROBLEM 4

3.1. On a theorem of Mann. Let us start by listing some elementary properties
of the (Schnirelmann)-density:
e Suppose 1 € A, then d(A) = 0;
e Let A={1+r(n—1): n € N} be an arithmetic progression with difference
r starting with 1, then d(A) = 1;
e The density of any geometric progression is 0;
e We have d(Qy) = 0 for all k£ > 2.
e NC Aifand only if d(A) =1
e Suppose d(A) = 0 and 1 € A, then for every ¢ > 0 there is N = N(e)
sufficiently large such that £(A N [1,n]) < en.

Next we try to understand how the density changes when adding two sets.
Lemma 3.1 (Schnirelmann). For two sequences {0} C A, B C NU {0} we have
d(A+ B) > d(A) +d(B) — d(A)d(B).

Proof. We write C' = A+ B and d(A) = «, d(B) =  and d(C) = 7. Further set
A(n) = #([1,n] N A) and B(n) = §([1,n] N B). (1)

We write [1,n]NA = {1 =a; < ay < ... < aam}. Since 0 € B we have A C C. For
0 < k < A(n) we observe that there are exactly Iy, = ag+1—ap—1 numbers between
ar and ay4 that don’t belong to A. If £ = A(n), we simply have [, = n—ay. Note
that ap +r € C if and only if » € B. Thus among the numbers a; + 1,..., a5 + li
at least B(l;) are in C. We deduce that

A(n)

t([1,n]NC) > +Zsz

Since B(l) > Bl and A(n ) > an we can estimate

A(n)—1
t(L,n]NC) > +5Zlk— n) + 3 Z (aks1 — ar, — 1) + B(n — aam))
k=1
A(n )+B(n— A(n)) > an + fn — afn.
This completes the proof. U

If we reformulate this inequality to
—d(A+ B) < (1 -d(A))(1—d(B)),

this easily generalises to
k
—d(Ar+ .. A) < JJ(1—d(A
i=1

Theorem 3.2 (Schnirelmann). If {0} C A € NU{0} has positive (Schnirelmann,)-
density, then it is a basis for N.
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Proof. Write
Ar=A+...+A.
k ti

We need to show that there is k = k(A) such that N C Ai. Our previous result
implies

d(A) > 1 — (1 —d(A))".
In particular, since 0 < d(A) < 1, we can find sufficiently large k& such that
d(Ax) > 1. But this implies that

2Ak(n) > 2d(Ag)n > n.

After noting that A, = Ap + Aj the result follows from the following claim.
Suppose A(n) + B(n) > n — 1, then n € A+ B. To see this we can assume
without loss of generality that n ¢ AU B. Thus, r = A(n) = A(n — 1) and
s=Bn)=B(n—-1). f A={0,1=ay,ay...} and B ={0,1 = by, by,...}, then

ai,ao,...,a, and n —by,n—by,...,n — by

belong to [1,n — 1] N N. There are r + s = A(n) + B(n) > n — 1 numbers in this
list, so that by the pigeon hole principle there must be 1 < <rand 1 <5 <7r
such that a; =n —b;. But then n =a, +b; € A+ B. O

Schnirelmann and Landau (fall 1931) conjectured that as long as d(A)+d(B) < 1
one actually has the stronger inequality

d(A+ B) > d(A) + d(B).

This conjecture was finally resolved by Mann in 1942. Here we will present a proof
given later (1943) by Artin and Scherk. This proof will occupy the remainder
of this section. We write o = d(A) and § = d(B) and assume a + < 1. As
before we write use the notation from (1). Put C' = A+ B, 7 = d(C) and write
C(n) =14([1,n]NC) as well as C,, = [1,n] N C. We set C(0) = 0.

Definition 3.1. We call C,, normal if f, f' ¢ C,, with f # f" and f, f' € [0,n]
implies f + f' —n & C,,.

Lemma 3.3 (and Definition). For fized n ¢ C, there are finitely many sets

B=BYcBYWc...cBWadc=09ccWc.. cc® (2)
such that A + B®W = C0) for 0 < ¢ < h and Cr(Lh) is normal. We call C") the
canonical extension of C. The numbers Py, ..., n_1 are referred to as bases for

the extensions.

Proof. Let 5y € B be the smallest number such that there is ¢, ¢’ € [0,n] \ C' with
¢ # ¢ and a € A such that

c+cd—n=a+pByeC,.
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The existence of 3y is ensured since C), is not normal. Define

C*={cel0,n]: c¢C, 3 €[0,n]\ C and a € A such that ¢+ —n =a+ [y}

Obviously C and C* are disjoint. We put CY) = C'U C*. Further set
B*={By+n—c:ceC*}.

By construction every element b* € B* can be written as b* = ¢ — a for some
deC*and a€ A.

We claim that B* C [0,n] and BN B* = (). To see this we note that b* € B*
satisfies 0 < By < b* = ¢ —a < ¢ < n. Further suppose b* € B. Then
d =b"+a€ B+ A= C, which is a contradiction. This establishes our claim.

Set BY = B U B* and we have to show that A + BM = CM. Take a € A and
b € B We first show that a + b, € CV. If a + by € C we are done. Therefore
we assume by € B* and a + b; € C. We find

CHc=a+b=a+pfy+n—c forcd &C.

This implies c+¢ —n =a+ [y € A+ B = C. By construction of C* we have
c € C* C CM. we have established that A + B(Y) ¢ C™. But the other inclusion
follows directly from the construction so that we are done.

Suppose n € C*. Then we can take  =n ¢ C and get c=a+ 5y € A+ B =C.
This contradicts that C'N C* = () by construction. Thus n & C™.

If CM is still not normal, we can apply the same process to construct the
extension A + B® = C® with basis ;. Since we are only adding integers from
[0, — 1] this procedure must terminate after finitely many steps and leave us with
a normal set A + B = O, O

We now establish some properties of canonical extensions constructed above.

Lemma 3.4. The base points of the canonical extensions satisfy

Bo<Bi<...<fBhoa.

Proof. Let 1 <i <y —1. Then f; € BY = B~ U (BO~D)*. Let us first assume
that 8; € (B"Y)*. But then 8; = ;-1 + n — c for some ¢ < n and we are done.
Now we assume otherwise. By definition of 3;, we find a € A, ¢, ¢ & O such that

c+cd —n=a+ B eC.

But since we are assuming 3; € B¢~V we have c+¢ —n+3; € A+BU-D = U=,
But £;_1 is the minimal number with this property. Thus 5;_; < ;. Finally assume
B; = Bi_1. This would imply ¢, € (CY)* ¢ C®, which is a contradiction. We
conclude that 3;_; < ; must hold. O

Lemma 3.5. For 0 <i < h let m = min{k € N: k ¢ C™}. Suppose c € (C?)*
for0<i<h—1andn—m<c<n. Thenc>n—m+ [.
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Proof. We reformulate the assumption to
0O<m+c—n<m.
By minimality of m this implies m + ¢ —n € C™. We now write
CcM =Wyt Y. u Oty

and consider two cases.
First, suppose m + ¢ —n € C. This implies

m+c—n=a+b;forac Aandb; € BY.

Note that m & C® and ¢ ¢ C%. Thus, by minimality of §;, we get b; > f;.
Equality would imply m € (C®)* ¢ C™| which is false. Thus b; > /3;, so that

m+c—n:a+biZbi>ﬁi

and we are done.
Second, suppose ¢ = m+c—n € (C9W)* for i < j < h—1. But by construction
of the set (CU))* we find that

d —a=p+n—c forac Aand " € (CV)
This yields the chain of inequalities:
d>cd—a>p;>p
This concludes the proof. O
Lemma 3.6. We have
(COY () —(CY)* (n—m) = £[(CV)*N(n—m,n]] = §[(BV)*N[1,m)] = (BY)*(m~1),
for0<i<h-—1.

Proof. We look at the expression b = 3;+n —c. By definition of (B®)* and (C®)*
we have the implications

ce (C*=be (BY) and be (BY)* = ce (CY).
Ifn—m+ 3; <c<n,then 5; < b < m and vice versa. Thus,
(CO)(n) = (C)(n—m+ B;) = (BY)(m = 1) = (BY)*(8)).

By the previous lemma we have (CD)*(n —m+ ;) = (CV)*(n —m). We are done
if we can show (B®)*(3;) = 0, which follows directly from the construction. [

Lemma 3.7. Let C be as above. For everyn € N there is 1 < m < n such that
C(n) —C(n—m) > (a+ B)m.



THE CIRCLE METHOD AND WARING’S PROBLEM 8

Proof. We first treat a trivial case. Indeed, if n € C, then
Cn)—Cn—=1)=1>a+p.

Thus we can assume without loss of generality that n ¢ C.

Next we show the statement under the assumption that C, = C N [0,n] is
normal. To do so let m be the smallest natural number that does not appear in
C. Of course m < n. Let n —n < s < n be an arbitrary integer. Suppose s ¢ C.
Then, by normality of C,,, s+ m —n ¢ C. But 0 < s + m —n < m, so that we
have a contradiction to minimality of m. We conclude that all integers between
m and n are contained in C' and get

C(n)—Cn—m)=m—1.

Since m ¢ C the argument from the proof of Theorem 3.2 shows that A(m) +
B(m) < m — 1. Combining these observations yields

C(n)—Cn—m)=m—1> A(m) + B(m) > (a+ 5)m.

If C,, is not normal, then we take a canonical normal extenstion C') of C. For
this extension we have the estimate

CM(n) — C™(n —m) > A(m) + By(m)

shown above, where m is the smallest number not appearing in C®). We make
the following two observations:

CM(n) —CM(n—m)=C(n)—Cn—m)+ ' (CDY*(n) — (CD)*(n —m)) and
h—1
BM(m)=B"(m —-1)=Bm-1)+> (B))*(m-1).
Inserting this above yields :
h—1 h—1
C(n)—C(n—m)JrZ((C(i))*(n)—(C(i))*(n—m)) > A(m)+B(m—1)+Z(3(i))*(m—1)-

But we know from the previous lemma that (C®)*(n)—(C®)*(n—m) = (B®)*(m—
1). But this gives

C(n)—C(n—m)>A(m)+ B(m —1) = A(m) + B(m) > (a+ B)m.
This concludes the proof. U
With this fundamental lemma at hand we can proof the result promised earlier.
Theorem 3.8 (Mann). Let {0} C A, B C NU{0} with d(A) +d(B) < 1. Then
d(A+ B) > d(A) + d(B).
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Proof. Let n € N. We need to show that C'(n) > (a+ 8)n. We argue by induction.
First, C(1) = 1 > a + 8 by assumption. Now assume that C'(k) > («a + )k for
all £ < n. To show the statement for n we apply Lemma 3.7 and find 1 < m < n
such that C'(n) — C'(n —m) > (a+ B)m. By induction hypothesis we get

C(n)=C(n)—C(n—m)+C(n—m) > (a+)m+ (a+ 5)(n —m) = (a+ B)n.
U

3.2. Waring’s problem from an elementary point of view. We will now
present an elementary solution to Waring’s problem following Linnik’s argument.
We define

re(m) = t{(z1, ..., 21) € ZE,: 2 + ...+ 2} = m}.

Recall that we aim to show that for sufficiently large k (depending on the fixed
n) we have m € Y8 | Q, = AP for all m € N. The latter obviously follows from
rr(m) > 0. Our solution of Waring’s problem will rely on upper bounds for r4(m).
We start by proving several Preliminary results.

Lemma 3.9. Let |as| < |ay| < A be integers with (ay,a3) = 1. Then

3A
#{(21,22) € Z*: ayz1 + 1oz = m and |z1|, || < A} < Tl
1
Proof. Without loss of generality we assume a; > 0. Two solutions (z1, 29) and
(21, 75). will satisfy
as(zy — 22) = a1(z1 — 2).
Since a; and ay are co-prime we find that a; | (z5 — 29). But since we are assuming
the solutions to be distinct we obtain |z} — 23| > a;.
Note that the solution (z1, z3) is uniquely determined by z3, so that it is enough
to count the number, ¢, of possible values for 2z, in [—A, A]. If 2, (resp. z) is the
smallest (resp. biggest) possibility, then we must have

ar(t —1) < z3 — 2y <2A.

But this yields

2A 3A
t<—4+1<—.
aq aq

]
Lemma 3.10. Let ay,...,a;,m € Z such that |a;| < A fori = 1,...,1 and
(a1,...,a;) = 1. Then
-1

8{(z1,...,21) €Z': ayzy + ..+ agz = my N B(0)] < 7

for H = max;|a;|. We will write c(l) for the implicit constant.
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Proof. We argue by induction over [. The previous result shows the claimed bound
for [ = 2. Thus we suppose that [ > 3 and the statement of the lemma is true for
[ — 1. Without loss of generality we assume that H = |q,|.

We start with the degenerate case a; = ... = a;_1 = 0. In this case the
equation reads +z; = m. It follows that z; is uniquely determined and each z;,
for i = 1,...,1 — 1 can be chosen arbitrarily in [-A, A]. Thus we have exactly
(24 + 1)171 < 3171 AL solutions. We are done since H = 1.

Suppose at least one of the numbers ay, . .., a;_1 is non-zero. Put 6 = (ay,...,a;_1).
Define H' = max;—1__;1 il and ook at the equations

il
5
5(a121 +...+a12-1) =m and dm’ + @iz = m.
We have the trivial estimate m’ < [H'A. Further note that § < || and (9, ;) = 1.
By the previous lemma we have

H'A
jj[{(m', Zl) € 72 om/ +az = m} N BZH’A<O)] < g

For each m' appearing as a solution we apply the induction hypothesis and count

1—2
H
Combining these two estimates gives the desired result. U

B{(z1,. .. 221) €25 gz + .o+ agze = m'y N BA(0)] <

Before we state the next result we note that if a = (ay,...,a;) € Z' N BA(0) we
can rewrite our equation as

(a,z) =a-z' =m
for z = (21,...,2) € Z' N BA(0).
Lemma 3.11. Letl > 2 and 1 < A< B <; A", Then
Z t{z € Z'N Bp(0): (a,z) = 0} <; (AB)".

acZ!nB(0)

Proof. We start by looking at the contribution of a = (0,...,0). This case is
trivially treated by observing that

#{z € Z' N Bp(0): (a,z) =0} = (2B + 1) <, B' < (AB)"™.
Next we consider the contribution of those a such that (ai,...,q;) = 1. Set
H = ||af|o = max|a,].

Of course there is m such that
A

2m+1

A
< H< —.
=S om
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Given such an a we count solutions to the associated equation using the previous
lemma and get
Bl—l Bl—12m
#{z € Z' N Bp(0): (a,z) = 0} < < :
H A
Note that the bound on H immediately implies a; < A2~™. Thus, the number of

all a satisfying our current assumptions is bounded by

A
(25 < Al2m™

Putting these observations together yields

Y. tH{zeZ'nBp(0): (az) =0} < Yy > - sz

acZ!NBA(0), mEZ>o acZ!nB,(0),
(a1,...,a;)=1 (at,...,a;)=1,
A2mm < lal|o<A2T™

< (AB)FI Z g-m=1) < (AB)FI.

mEZzU

Finally we need to treat the contribution of those a with (ay,...,q;) =6 > 1.
These cases can be treated by reduction to the previous case. Indeed we can replace
A by %A and use the observation that the components of %a satisfy (%,...,%) = 1.
We get

Y #{zeZ'nBp(0): (a,z) =0} = > #{z€Z'nBp(0): (a,z) =0}

acZ!nB4(0), acZ!'nB 4 (0),
(a1,..,a1)=0 3

(AB)Z—l

We have treated all cases and find that

Z #{z € Z' N Bp(0): (a,z) = 0}

acZ!nB4(0)

=H{zeZ'NBp(0): (0,2) =0} +> > #{zeZ'nBg(0): (a,z) =0}
i )

< B! + (AB>I—1 Z(Sl—l < (AB)l_l.
5eN
In the last step we used that [ > 3, so that the d-sum is finite. U

Lemma 3.12. Let A, B be two finite multisets of numbers (i.e. elements can
appear multiple times in A or B). We have

H(v,y) € AxB: c =14y} < %ﬂ{(w,y) €A% a—y = 0}+%ﬂ{(w,y) € B*: x—y = 0}.
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Note that is we apply this to A = B we simply get
Hzy) e AxAic=a+y} <t{(z,y) € A 2 —y =0}
Proof. We write

A={ar,...,a1,......... yGpy .oy appand B ={by, ... by, ... ybsy .. bs}
——— ——— —— ——
A1 times Ar times p1 times s times
for aq,...,a, distinct and by, ..., b, distinct. We now write
1 2 2, 1 2

H(r.y) €AxBre=atyl = Y dy <5 D (i) < ZA t3 D
1<i<r, 1<i<r, 1<z<r 1<j<s
1<5<s, 1<5<s,
aﬁ-bj:c aﬁ-bj:c

But the equation z —y = 0 for x,y € A holds exactly for + = y = a; for some
1 <1< r. We get

Hlmy) e A4 o —y=0p= > 2

1<i<r

Running the same argument for B finishes the proof. U

We generalize this combinatorial result to more sets. This is the content of the
next lemma.

Lemma 3.13. Let | = k2° and Ay, ..., A; be finite multisets of numbers. We have

H(zy,...,x;) €A X ... X A+ ... +x=c}
< max sy, .y e [AME g 4y D 2 — 0}

where AT = {x) + ... 4+ 1z 2 € Apiri}
Proof. We set

l
A={x1+.. . +zr:2;,€ A fori=1,. 2}

andB:{x%HjL...—i-xl:xieAi fori—%—i—l,...,l}.
We obviously have
Hzy,...,o) e Ay x .. x Ao +...+x=c}=t{(z,y) e AxB: c=x+y}
< JH(r.y) € A% o —y =0} + JH{(ry) € B a—y =0},

where we applied the previous lemma. It remains to estimate the cardinalities on
the right hand side. It is enough to treat the contribution from the set A, since
the other one is analogous.
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We bring the equation x —y = 0 for z,y € A in the form

l L L

2 4 2
0= Z(ZZ —z) = Z(Zl -2+ Z (2; — 2) for z;, 2L € A;.
=1 =1 7;:%4,1
—_———

=x :y/

As indicated in the previous equation we can continue to iterate this process s
times to conclude the proof. O

Lemma 3.14. There is k = k(n) € N such that for an arbitrary N € N we have
rr(m) <, N#—1 for all 1 <m < N.

Proof. We will use induction to prove a slightly stronger statement. Indeed we
will fix a polynomial

flz) =apx" + ...+ a1+ ay,
and consider solutions to the equation
flx1)+ ...+ f(zr) =m.
We define
ren(m) = {(z1,. .., 2) € ZF: flx)+.. 4 f(z) =m, |og| < Nwfori=1,... k}.

Note that obviously r(m) < 74 x(m) as long as m < N.
Claim: Suppose the coefficients of f satisfy

Jai] < N7,
then there is k = k(n) such that
rep(m) < No'forall 1<m<N. (3)

Let us first proof (3) for n = 1. In this case we must have f(x) = ag -z + a;.
We take k(1) = 2, so that we need to solve

ap(x1 + x2) = m — 2a;.

But the condition |z1] < N implies that there are at most 2/V + 1 solutions. Since
every x; uniquely determines x, we have

T2(m) S 3N7

which concludes this case.
We now assume that (3) holds for n’ =n — 1." We put k¥’ = k(n’) and choose

k=2n-2°" for s = [log(k')log(2)"'] — 1.

Tt may be instructive to work through the argument for n = 2 explicitly.



THE CIRCLE METHOD AND WARING’S PROBLEM 14
We now define the (multi)-set
k

2 1 k
Zf(:r;z) |z;] < N= forizl,...,§
i=1

Of course we have

rre(m) =t{(z,y) e AxArx+y=m} <#{(z,y) € Ax A: v —y =0},
where we applied Lemma 3.12. We can rewrite the equation x—y = 0 with z,y € A
as
k

Z[f(xz> — f(y)] =0
i=1
for suitable x; and y;. We set z; — y; = h; and get

k

2

S s+ hi) — fly)] =0

=1

We allow y;, h; € [-2N =, 2N%] NZ. By opening the powers (y; + h;)’ we get

£+ ho) Zavz( )

If we put v +t = u we obtain

F @i+ ha) = fy:) —hzavz (u_v>h””1

= u=v+1
n—uv
n—u u—v—1
= hy E Y; E av( )}%
u—v
u=1 v=0

= h; Z a; Y = hidi(yi).
u=1

Note that ¢; is a polynomial of degree n — 1, but its coefficients depend on h;. We
get the new equation

hig1(y1) + ...+ hedu(ys) = 0.

Let us for now view the numbers h; with 1 <3 < % as fixed. Note that £ = 2n-2°
so that we set kg = 2n and [ = ky2°. We define the sets

Ai = {hitiy;): ys € [-2N7, 2N =] N Z}.
Now we are trying to solve the equation

1+ ...+x, =0 with z; € A;.



THE CIRCLE METHOD AND WARING’S PROBLEM 15

But this is precisely the situation from Lemma 3.13. This leaves us to count
solutions to

s—1 s—1 s
y D oy D ) = (4)
under the constraints
y) = yij) +...+ y(J) with yz(j) € Apgyyi for 1 < j < 2%

for some 0 < m < 2° — 1. We start by looking at m = 0. Expanding our equation
in this case, yields the expression

b 1)+ a0 ) = 01T =i (o)

/

~~
Z1

ot D) B o) = e )] = 0.

/

v~
Zko

Recall that the coefficients of ¢;(y) are given by the sums
u—1
n—uv
R v hyivil-
wem ey
If h; € [-2N#,2N=] N Z, then we can estimate

u—1 u—1
n—uv u—v— n—uv u— w—
Qi <n ZGU(U—U)N n : <<nZ<U—U)N ”1 <, NTI

v=0 v=0

Further since we are assuming that vgj )

that

€ [-2N#w,2N =] we get (estimating trivial)

¢:(w?) <, N for1<z<k025and1<]<25

Thus we obtain the condition z; <,, N7 .
The next step is to estimate the number of solutions to

Z; = m. (5)

To do so we will use the induction hypothesis. Note that 1 < &' = k(n—1) < 257!
so that we can write (5) as

$i(WM) .+ W) =m = () — = (0T (0T (o)

I:TTL.

Before we apply the induction hypothesis we recall that

u—1
n—1

Qi <n N5 = (NT)m and m' < N5
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Thus, applying (3) we find that

k'/—n+1
n

n— nkil*l
T¢i,k/(m') < <NTI> ' =N

This is for fixed vfk/ﬂ), ce vZ@S). For these we have at most (1+2N7)2~* choices.
Thus we have

2% —n+1

#{z; =m: v € [-2N# 2N NZ} <, N* =

The same argument can be made for all m # 0. We summarize our findings and
translate them back to bounds on 7y (m). We have

25 —n+1

rer(m) <, t{|z] < N7 with multiplicity A\; < N* =, h; € [-2N =, 2N#|NZ:
0= Zlhl + ...+ Zkohko}-

The right hand side is independent of f and we name it A,, ;. Note that only k
out of all the g variables h; (for 1 < i < %) Thus we have to account for all the
remaining choices trivially. This will account for a factor of

k
2~ ko

<n (N%) — N2 2

We can write
N
Am,k <, N%_2 ) <N2 n+1> 0

Z #{(21, ..., 2) €ZF: hizy + ..+ hiyzr, = 0 and 2; < N%}
Rt yeshig

&, N2 -2 Z t{z € Z* N Ban"—‘l (0): (h,z) = 0}.

n

heZkonB ;1 (0)
2N n

Here the h;-sums run over integers between —2/N » and 2N, Essentially we have
simply removed the multiplicity of the z;’s by brute force and trivially dealt with
the variables h; that don’t participate in the equation.

We have now arrived at the point where we can estmate A,, and thus 7 ,(m)
using our results on linear equations. We get

s n_ ko—1 s
Tf,k<m> <<n Am,k <<n N2 T2-2n (N% . NT1> — N2 +2_1 — N%—l'
This concludes the induction step and thus the proof. 0

Theorem 3.15 (Hilbert). There is k = k(n) € N such that N C AP In other
words, every natural number can be represented as a sum of at most k nth-powers
of positive integers.
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Proof. Note that
N
Zrk ) =t{(z1,...,2) € ZEg: 2 + ...+ 2} < N}
=0

k
First we observe that R,(N) > (). To see this we just take (z1,...,33) €

([0, [ {/ )] N Zso)* arbitrary and observe that
x4+ ... +ap <N.

We take k = k(n) as in the previous Lemma and assume that d(Aglk)) = 0. Note
that 1 € AP, Thus, for € > 0 and sufficiently large N we have

AB(N) < eN.

We apply the previous lemma to estimate
Rp(N) = ri(0 +Zrk <1+ CNuTAW(N) < 1+ CpeN,

for some positive constant C,,. If we take 2C, e = k== this reads

1 /N\*"
N 14+ = — .
Rk( >< +2<l€)

Note that for N < k we have A,(f)(N) N. Thus we have N > k. Thus (§)" "l

k
We conclude that Ry(N) < (££)". But this is a contradiction to the lower bound
obtained above.
Therefore we have seen that d(A )) > (. DBut this proves the result, since

according to Schnirelmann every set with positive density (containing 0) is a basis

4. PARTITION NUMBERS

A solution (ny,ny,...,n;) € N! to the equation
n=ny+ng+...+mn

is called a partition of n into [ parts. Let p;(n) denote the total number of partitions
of n into [ parts. The total partition number p(n) of n is then given by

=3 nln)

We introduce the associated power series

=Y p(n)" =

g

m=1
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The partition numbers have many reincarnations and are the star of many incred-
ible formulae.

Studying the asymptotic behaviour of p(n) is an important problem which ul-
timately led to the genesis of the circle method. We will derive a full asymptotic
expansion of p(n) following the work of H. Rademacher (1937). This is a direct
extension of the work of G. H. Hardy and S. Ramanujan from 1918, where circle
method was first introduced.

4.1. The Dedekind eta function. We first have to study the transformation
behaviour of the Fourier Series

f(z) = p(n)e(nz).

In view of the product expansion of F(z) given above we put

e(5)

n(z)’

z

n(z) = e <ﬂ) ﬁ(1 — e(m2)) so that f(z) =

m=1

We will have to establish a certain transformation behaviour of n(z). This will be
nothing new for the modular form enthusiasts. Here we will only rigorously derive
those facts that we need later on. A more exhaustive discussion can be found for
example in [Ap].

Obviously n(z + 1) = e(57)n(z). We also need the following result.

Lemma 4.1. We have n(—1) = \/Zn(2).

This result can be established in a variety of ways. One very interesting option
is to use Kronecker’s limit formula or any other connection to Eisenstein series.
Here we give an ad-hoc argument following C. L. Siegel.

Proof. Following standard terminology from the modular form world we put ¢ =
e(z). We thus have

Tiz = N Ny [ R _
5 —log(n(z) == log(l—g™) =3 > 2¢" =) (¢ -1
m=1 m=1 k=1 k=1

Here we used the Taylor expansion of the logarithm and the geometric series.
We now consider the difference

24zt 1 1 1 1
) = miZ I togla(a)) + o0~ 2) = Y- 1 | s —
1
k

I
DNO| =
(e
@)
@]
=+
~—~
3
oyl
N
S~—
+
@)
o
=+
—~
N
o
~
N
=

k=1
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L
—— = 3(cot(mz)+1)

In the last step we used that cot(x) is odd and the identity —=z—

Note that we have to show that
£(2) = mi +122 + < log(2/i).
We define
1 1 1
gn(T) = = cot(m(n + =)7) cot(m(n + 5)7’/2)
T
for n € Ny. Of course g, is a meromorphic function on C and we can analyse its

pole structure. We claim that there is a pole of order 3 at 0 and we have
1

res,—ogn(7) = —g(r + 7 1)

1
— cot(7kz).

Further for k£ € N we have
res__ = —cot(mk/z) and res__, r. =

T*inf% mk (h/z) T*ini% 7k
We consider the path v which goes around the rhombus with vertices at 1, z, —1, 2.

By the residual theorem we compute
. n 1
+ 237 (cot (k=) + cot(mk/2))

1 .
g/vgn(T)dT - —%(TJrT
Taking the limit n — oo we get
1 .
lim = [ gu(7)dr = —W—Z(T—i—T D+ f(2).
n—o0 8 [, 12
Explicitly one can compute
oot =[[ = [+ [~ ['] o= b
O

lim —
n—oo 8

This concludes the proof modulo some minor details
) € SLy(R) we define the action on the upper half

a b

Given a matrix v = ( d
plane H by
az+b
Z = e H.
7T +d
This is a transitive group action. Further we write j(, z) = ¢z + d. We can now
establish the following important transformation behaviour of 7.
1
2n(2),

Theorem 4.2. For v € SLy(Z) we have
n(vz) = 0(7)(=i-3(7,2))
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where 6(—v) = e($)0(z), 6( (é 11))) = e(&) and for ¢ > 0:

1= (5 ) - 5 5 (4] -

0<z<c

c

This turns 7 in a modular form of half-integral weight for the multiplier system
6. The function s(d, c) is called Dedekind-sum. We have the important reciprocity
formula

1 /d ¢ 1
S(d,C)+S(C,d):E(E+E+a—3>
0

Note that the matrices T = é }) and S = 1 (1) generate SLy(Z). Thus one
we can apply the formulae for n(z+ 1) and n(—1/2) to derive the general formula.
Note that there is a different approach based on an identity by Iseki. The latter
seems conceptual more interesting but requires some non-trivial properties of the

Hurwitz-zeta function which I would like to avoid.

b) with ¢ > 0.

Proof. We start with some preliminaries. First suppose v = (Z d

We claim that
m

2060,

This can be derived from the observation that
m __ [a am+Db
V= <c cm + d) :

a+cm—+d
24

We are done once we have seen that s(cm +d, ¢) = s(d, ¢). To verify this is left to
the reader.
Next we claim that

0(sgn(d)v.S) = {

b —a
’yS:(d _c).

Consider the case d > 0. By definition of § we have

b—c 1 b—c 1
g 2" = ey tased)

O(vT™) = e(

Thus by definition we have

O(vT™) = e( — s(em +d, c)).

To see this we first write
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Here we used the identity s(—c,d) = —s(c,d). Recall the reciprocity law for the
Dedekind sum:

c d 1 1
s(c,d)—i—s(d,c):m—l—EC—Z 2ed
c d 1 ad—bc
T12d T 12e 4 12ed
We rearrange this to get
b—c a+d 1
Tod + s(c,d) = oo s(d,c) — 7

Inserting this above concludes the treatment of the case d > 0. If d < 0 we

compute
—b+c 1

0(=75) = 0(=5) = e(—5 7 — 58(c, =d)).
Observe that —d > 0, so that we use the reciprocity law in the form
c d 1 ad—bc
sl )4 s(=de) = 550 = 15, 71T Tized
Rearranging terms and using s(—d, c) = —s(d, ¢) yields
b—c 1 a+d
g e =g+ s —slde)

The result follows immediately.

We come to the most important claim. Suppose the functional equation of n
holds for 7. We claim that it then also holds for 4" = vT™ and 7" = vS. We start
by computing

n(y.2) = n(v.(T™.2)) = 0(y)(=i(cT™ z+d))Fn(T™.2) = 9(7)6(?—4)(—i(02+cm+d))%77(2)-

By our first claim we have 0(y)e(5;) = 0(71™) = 0(7') and we are done. Similarly
we compute

n(y"z) = n(7.(5.2)) = 6(7)(—i(cS.2+d))n(Sz) = 0(3)(—i(cS.2+d)) 2 (—iz) 2n(2).
Here we used Lemma 4.1 to transform 7(S.z). We now treat d > 0 first. Write

dz —c¢

¢Szt+d=—-S4d=
z z
We can thus rewrite
—i(dz—¢) , 1
—iz 47

—i(cSz+d) =

Thus we have

. 1 1, 1
n(y".z) = n(7.(5.2)) = 0(7)(—i(cS.z + d))2n(Sz) = O(7)e = (—i(dz — c))2n(2).
We are done with this case using our second claim. The case of negative d is

similar but requires a little care with the branches of the square root.
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With this final claim at hand we are done, since it is known that SLy(Z) is gen-
erated by T" and S. Furthermore we have seen above that the functional equation
is true for v = S.

O
We will need one particular instance of this transformation formula. Take z” =
—4 L Now let y = ((Z Z) € SLy(Z) with ¢ > 0 and check
v.2" = 4 Z—/
c ¢
Applying the transformation with 2z’ = % we get
a iz | 1 ™, 1 =z d 1
f(g + 0—2) =c 26(55(617 C))fQ eXP(E(; - Cﬁ)lf(—g + ;)' (6)
=E.(z)

Note that we must restrict ourselves to those z such that —% + é lies in the upper
half plane. This is as far as our study of the eta function takes us.

4.2. Farey fractions. Given C' € N we define the Farey sequence of order C' to
be

F(C) :{%: 1<c<C, (a,c) =1}

We usually order this sequence to be increasing. Suppose we are looking at 3
consecutive Farey fractions

/ "
...<g<z<?<....
We will first show that ac’—a’c = 1 (resp. a”"c—ac” = 1). This is done by induction
the case of C' = 1 being trivial. We need some simple observations which the reader
will have to verify on its own. First note that the case ¢,% € F(C)\ F(C — 1)

can not occur. Thus we can assume that ‘é—: € F(C — 1) (the opposite case being
similar). Suppose £ is the (right) neighbour of ‘CL—,/ in the Farey sequence F(C —1).

If ¢ =1 we are done according to the induction hypothesis. Otherwise ¢ is given
q c

as the mediant of i—,l and %’. In symbols:

Thus we conclude by
ac —d'c=(d +p)d —d(d +q)=pd —dq¢=1,
where we applied the induction hypothesis.
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With this property established the numerators of consecutive elements in the
Farey sequence can be related by
, acd —1 acd’ +1

a = and a” = )
c ¢

Further, we have the following properties of the denominators:

C—c<d <Candad =1mod c,
C—c<d <Candad =—-1mod c.

With this at hand we can compute the mediants

a+a a 1 _a’+ 1
d+c ¢ cle+red) ¢ dc+d)
a+ad a 1 a” 1

c+cd ¢ cle+d) e+ )
These mediants are reduced fractions but do not belong to the Farey sequence
F(C). However, they will be very important to our applications.
Finally we introduce the so called Ford circles:”
a a 1 1

Q=g msal=5at

C(
This is a circle in H which is tangent to the real line at 2.
We will now verify the picture from Figure 1.
To do so we put
a 1 a 1
a=——————and ffla = -4+ ——.
YT c(c +ic) nd fs c - c(d” —ic)
It is a straight forward computation to check that this is the only point where the
corresponding circles intersect (touch).
The segment of C(%) connecting aa and fa without passing through ¢ will be
denoted by y2. We obtain a curve

e = U e

2eF(0)

which is one periodic.

Finally let us remark that in hyperbolic geometry (on H) the Ford circles are
certain horocylces. Indeed they are obtained from the horizontal line Im(z) =1
by applying a certain Mobius transform ~.

2Ford  Circles can  be nicely  visualised  with = Mathematica. See
https://demonstrations.wolfram.com/FordCircles/ for a demonstration.


https://demonstrations.wolfram.com/FordCircles/
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FIGURE 1. Ford circles C(Z—,,), C(%) and C(‘;—,,,/)

4.3. Setting up the circle method. Finally we will set up the circle method in
order to produce an asymptotic formula for the partition numbers. Doing so we
closely follow the exposition in [IK]. We can recover the coefficients p(n) from the
series F'(z) or f(z) as follows:

w—+1
p(n) = L F(2)z "z = / f(z)e(—nz)d-z. (7)
211 Jap,(0) w

The first equality is simply Cauchy’s integral, while the second follows from peri-
odicity of the Fourier Series f(z).

In the second integral of (7) we can take any continous path from w to w + 1
in the upper half plane. Furthermore, w € H can be chosen arbitrarily. We make
our choices so that the integral is taken along the path

vwe= |J

1<e<C,

1<a<C,

(a,0)=1
We obtain the dissection

=3 S [ ee-nas 0

1<¢<Camodec 7

-~

=Hgc(n)
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FIGURE 2. This is the translation of the Ford circle C(%) by the
change of variables T,.

We start by making the change of variables (denoted by 7, 1)

This rotates, magnifies and translates the Ford circle C(%) to the circle centered
at % with radius % The end points of the piece we are integrating over become
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Let us first compute the integral which provides the main therm and then justify
why this is the case. This integral is

?

I(n) = = E(2)e*™/¢ dz
c? aB%(%)
) TZ 21 1 5
= — —(n — —))z"2d
| el + gl g

2
2 > (B
m c

=—- Is [ =)\, ).
c? (12)\n> 3(0 )

In the first step we changed z +— % The second step includes looking up the

integral. Here Ig is the I-Bessel function, A\, = y/n — i and B = \2/—%. One could

easily just work with the I-Bessel function, but in order to bring it in a more
classical form we make the following observations:

V2 sinh(z)

Ii(z) = N and
2 T
d [1i(2)
Is (x) = \/5% [ i/i
We obtain
I(n) = Li/\ smh(E)\n).

V2rdn " c

In particular fc(n) is independent of a. Thus we wish to replace I, . by it with
a controllable error. This is made precise in the following lemma.

Lemma 4.3. We have
1 o 1 d B :
Z5che(gs(ar) - %)d—A sinh(=\,) + O™ 0% exp(2nC2)).

Proof. Since the strategy is clear we write

Lie—I(n)=1 -1, — Iy

H,.(n) =

for
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To estimate I; we need to move the path of integration. Indeed we move the
path from the arc to the straight line connecting 2. and z/. (i.e. the chord). On
this new path we have the estimate

|z| < min(|z],|,|27.]) < 2cC~" and Re(z) < max(Re(z.,), Re(z)) < 2C~2

The length of the path can be bounded by |2/.| + |27.] < 4cC~'. We will use the
estimate

= Z% Zp(m)e(—dTm) exp (—277((771 — 2—14) + 22(71 — i))

Here we used the Fourier expansion of f as well as the bounds
Re(z 1) =1, Re(z) < 2C 2 and p(m) < 2™,
Estimating the integral trivially yields
3
c\2 2mn
_[1 < (5) eXp(F)

Since I and I3 are very similar we only show how to deal with I5. First we observe
that the length of the path around the relevant piece of the arc is bounded by
%|zh.| < meC~'. Further, on this arc we have the estimate |z| < ¢cC~'. Bounding
the integrand by
1

c\ 2 2mn

E.(z 2™/ (—> exp(—=

(2) o) )

and estimating the integral trivially yields
c\3 2mn
The same bound holds for I5. The result follows directly. O

We are now ready to prove the following theorem.

Theorem 4.4. Forn > 1 we have

d 1 B

1 ZOO \
= — 7A - q h —
p(n) ™2 = “ C(n>dn An sinh{ c M)
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Proof. Recall that by (8) we have

Inserting the expression from Lemma 4.3 and recognising the a-sum as A.(n) we
get

p(n) 77\/_2 %/\—smh +O<ZZ “los 2 exp(2mnC™ ))

c=1 a=1

Of course we trivially have

C ¢
Z Z ¢'C7% exp(2rnC2) < €77 exp(27nC2).

c=1 a=1
Taking the limit C' — oo completes the proof. O
Remark 4.5. The asymptotic expansion of p(n) as above is originally due to Hardy-
Ramanujan and is essentially the birth of the circle method. The full asymptotic

expansion was derived by H. Rademacher. Furthermore, A. Selberg succeeded in
deriving the closed expression

Au(n) = (g) S (=) eos (g (z - é)) |

[ mod 2c,
1(3l—1)=—2n mod 2!

1

This gives the bound |A.(n)| < 27(c)c2.

5. SOME RESULTS ON EXPONENTIAL SUMS

Lemma 5.1 (Weyl’s inequality). Let f(x) be a real polynomial of degree k with
leading coefficient « (i.e. f(x) = az®+a 2" 1+...). Suppose that o has a rational
approximation g such that

a 1
a,q) =1,q>0, and |a — —| < —.
(a,q) | q! Z
Then, for any € > 0 and K = 21 we have

P 1
PR\ E
S e(f(x) <op P (P—?« NN (—) ) .

r=1
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Proof. We write Si(f) = > p cpcp, €(f(2)) for 0 < P, — Py < P. Considering the
absolute value squared we find

SeNHIP= Y elf(z2) = f(=1)

P<z1,02<P>

—P-P+2Re| Y e(f(w) - fla))

Pi<x1<xo<Ps

We put zo = 1 + y and set

flar+y) = fla) = Ay faa).
This yields

Sk(f)P =Py — Pi+2Re | > ) " e(A, f(a1))

y=1 z€ly

Note that for some y the corresponding interval I, is empty (i.e. the x;-sum
irrelevant). We obtain the estimate

»
1Sk(f)? < P+2Z|Sk—1(Ayf)|'

y=1

Here the subscript indicates that A, f(x) has degree (at most) & — 1. This is the
procedure we wish to iterate until we reach linear sums. The next iterate would

look like

P
[Sk-1 (D) )P < P42 |Sk-2(Ayf)].

z=1

By Cauchy’s inequality we get

P
[Sk()I* < P2+ Py 1Ska(A, )P

y=1

P P
<P+ PSS IS a(Ay ).

y=1 z=1

Continuing this process yields

y1=1 Yo=1

Taking v = k — 1 we find
Ay fl@) =Koy - yporz + 5.
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Here 3 is a combination of all terms that are independent of z. Thus it is key to
estimate

[S1(Ays e S = |Z e(Klay: - ... - yp1)].

We note that we are summing part of a geometric series. In general this yields

the estimate
xo—1

2 1 1
|Z e(Az)| < I1T—e(\)|  |sin(mA)] < Al

T=T1

At this point we introduce the notation ||A|| to be the distance of A to the nearest
integer.
Inserting this above yields

P P
[Se(HIF < PEE 4+ PEEN" 0N min(P, [[Klay - yp | 7).
y1=1 Yr—1=1
By the standard result d(m) <, m® we find that
ks -y = m L eme.
Arranging the y;-sums appropriately yields
klpk-1
SL(AIE < PE=1 4 PR ST in(P flam]| 7).
m=1
At this point we make use of the rational approximation % to a. We divide the
m-sum in blocks of length ¢. There are < # + 1 such blocks. The sum over
such a block looks like
qg—1
> min(P, [la(my +m)[| 7).
m=0
We observe that, since |a — §| < g ?and 0 <m < ¢, we have
1
_)‘
q

Putting am = r mod ¢ we observe that r runs through a complete sum of residues
mod ¢ when m runs through the full block. Thus the sum is

am
a(my +m) :am1+7—|—0(

q—1 ' 1
2 min(P e oz

Here b is the integer closest to gam;. We estimate

q/2

. 1 q
min(P, < P+ = < P+qlogg.
2 min(P ey oran) <P

q—1

s=1
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Since we are doing this for every block we get

Pkfl
‘Sk(fﬂK <K PK*l + PK?k+€(T + 1)(P + C]lqu) <K PKJFG(P*1 + qfl + P*kq).

The result follows by taking the Kth root. O

Lemma 5.2 (Hua’s inequality). Let f.(z) = az®. We have

1 P
/ > e(fal@) P da <op P* R
0 x=1
Proof. Write
1 P
I, = / T () |* dev, for T'(a) = Ze(fa(x))'
0

r=1

By induction on v we will show that
I, <« PP " forv=1,... k.

Of course v = k is exactly what is claimed.
For v = 1 we have

by character orthogonality.
Suppose our claim holds for 1 <v < k—1. As in the proof of Weyl’s bound the
differencing trick yields

IT(a)* < P71+ P Re

Z ce Z Sk_v(a)] y

y1=1 Yp=1
where

Sk—v(@) = Z e(alhy,,., yv(xk»-

Note that by positivity this is true without absolute values inside the y-sums.
From this we at once derive that

1
Iy < P*7'I,+ P71 Y~ Re / Sk—o(@)|T()[* da.
0

We investigate the last integral:

/OSk_v(a)|T(oz)|2vdoz:/0 Ze(oszl ..... 4o () Z e(auf+.. . —avf—..).

Including the y;-sums we get the following counting problem:
N: Jj{Ayl yv(xk)_'_ullc—i_ _,Ullc e 2071 S yhui?Ui;x S P}

,,,,,
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Thus we have
Iy < PP, + PPN

The remainder of this proof we consider the counting problem to estimate N.
Observe that A, _,. (z¥) is positive and divisible by all yi, ..., y,. Fixing the u;’s
and v;’s we have at most P¢ choices for each 1 < yy,...,y, < P. This is by the
divisor bound. Given all y;, u; and v; we note that x is uniquely determined. Thus,

counting all choices for u; and v;, we get
N < PQU—H}E.
Inserting this estimate above concludes the proof. U

Lemma 5.3 (van der Corput). Let f(x) be a real valued function, twice differen-
tiable function with

0<f(z) <= and f"(x) > 0.

DO | —

Then
S e(f(n) = / e(f(2))dz + O(1).

A<n<B

Proof. Without loss of generality we assume that A < B are integers. We also
count the end points with weight % Further, by changing the constant term of
f we assume that the difference between sum and integral is positive. The latter
ensures that it is enough to consider cos(27 f(x)) instead of e(f(x)).

We put ¥(z) =z — [z] — 1 and note that

/m qf<x>F'(x)da;:%(F(m+1)+F(m))—/m F()dz.

m m

Summing this over m yields

B

iF(m>=ABF(w)dm+/ U (z)F'(z)dz.

A

Note that we stick to the convention that the end terms of the sum is weighted by
1

5
We are left with showing that

I / () (cos(2n f(2))) da

A

is bounded.
Away from integers we develop ¥(z) into a Fourier series

¥(z) = — Z sin(27rwc)‘

™
v=1



THE CIRCLE METHOD AND WARING’S PROBLEM 33

Inserting this we get

I=-— Z i/A (sin(2mvx))(cos(2m f(x))) dx
—2}" % /A (sin(2m0)) (sin (27 £ (2))) f' () da:

-y % /A F(2)[cos(2m(va — f(z))) — cos(2m(vz + f(x)))]dz.

Justifying the interchange of sum and integration is no issue here.
If we can show that

1= 1] Fa)eosten(un & f))iel < s,

then we get
o

1 1 2
I < — — < —
d s ; v(2v—1) "«
and this would concludes the proof. To show the desired estimate for |I’| we write
[/ — i b f/(x)

2 J4 v+ f'(x)
The first factor is monotonic (for each positive integer v). The mean value theorem
gives the desired bound. U

¢ (z)dx for ¢(x) = sin(2r(ve £ f(2))).

Remark 5.4. This can easily be generalised to the following situation. Suppose f’
is monotonic on [A, B] and suppose that H; < f'(z) < H, for x € [A, B]. Then

Ho B
> elfn) = > [ elf(a) ~ ho)ds + Oflog(2 -+ max(| il |Hal)).
A<n<B h=H, VA
6. AN ANALYTIC APPROACH TO WARING’S PROBLEM

We will now use the circle method to give another proof of Hilbert’s theorem.
The approach taken follows Vinogradov’s modification of Hardy and Littlewood’s
original treatment. We closely follow the exposition from H. Davenport (see [Da2]).
Recall that given n € N we want to show that there is k = k(n) € N such that

. txi=m

has solutions in the non-negative integers for all m € N. We will do this by proving
an asymptotic formula for

re(m) = #{(x1,...,2%) € (Zzo)k: P+ ...+ ap =m}.
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6.1. An asymptotic formula. For a positive integer P = [mﬂ we define

P

T(a) = Z e(azx™).

z=1

Recall that r;(m) was the number of representations of m as sum of k nth powers
of non-negative integers. Our starting point is the simple expression

ri(m) :/0 T(a)*e(—ma)da.

This is easily verified using character orthogonality.
For 9 > 0 consider the subset of the Farey sequence

F =F(P°)n(0,1] :{E: 1<q¢<P,1<a<q (a,q) =1}.
q
For each (reduced) fraction ¢ € F we consider the interval
Ma = {amod 1: |a — 2‘ < ptoy
1 q

(Note that we understand Dﬁ% in (0,1], where it is essentially the union of two

intervals!) These intervals do not overlap and we refer to them as major arcs. The
minor arcs are given by

m=(0,1]\ | |J M

SEF
We can estimate the contribution of the minor arcs to ri(m) as follows.

Lemma 6.1. If k> 2" 4 1, then there is ' = ¢'(6) > 0 such that
/|T(a)|kda Lsnp PO

Proof. We apply Dirichlet’s approximation theorem to « € (0, 1]. This gives us a
rational approximation % such that

1
qpnfzs '

a
1<q¢< P and|a—-|<
q

Since o € (0,1] we can achieve 1 < a < ¢. From this we conclude that « € m
implies the important bound

q> P°.
By Weyl’s bound (Lemma 5.1) we get

IT(0)| e PP for K =271,
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(We simplified the bound using ¢ > P° and P"/q > P°. The latter follows from
the size constraint on ¢ in the approximation theorem.) We can now estimate

1
/’T(@)‘kd@ <<€,n P(k’—Q")(l—fq-i‘E)/ ’T(&)‘Qnda <<6’n P(k_zn)(l_%+€)+2n—n+e'
" 0

Here we used Hua’s inequality (Lemma 5.2). We conclude by using the assumption
on k to see

) k
(k—2”)(1—E+e)+2"—n+6:k—n+(k+1—2”)e+(2— Qn_1>5
<k-n+(k+1-2"e— ST §k—n—2—n.
In the last step we have chosen € = m. The result follows with ¢ =
027", O

Remark 6.2. Generally speaking the treatment of the minor arcs is considered
to be the challenging part of the circle method. Usually one requires some deep
insights (such as Weyl’s and Hua’s inequality in this case) to make these estimates
work. Once one has found a working argument to deal with minor arcs, one makes
the minor arcs as large as the method permits. Then one hopes that the rest can
be treated with the major arc machinery.

We turn towards the major arcs and define the integrals

Sug =3 e(“) and I(8) = /ﬁ e(BEMde.

q

x=1

Our first job is to approximate T'(«v) by these two objects.

Lemma 6.3. For o € Dﬁ% we have

T(CV) = q_lsa,ql(ﬁ) + O(P%)a

whereﬁza—%

Proof. We want to write 1 < x < P as x = qy + z where 1 < z < q. We get

q q

T(a) =) elalgy+2)") =Y e(az"/q)> e(Blay +2)").

z=1 y z=1 Y

The next step is to write the y-sum as an integral. Here we will pick up some
error. We make the following observations. For any differentiable function f the
mean value theorem tells us

£(6) — F)] < 5 max|f(0)] for [ — o] < 3.
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Therefore we must have

/f Jiz— 3 f(r) < (B — A) max| f(2)] + max| f/(x)].

A<z<B
We apply this to f(y) = e(B(qy + 2)"). Of course |f(x)] < 1. Computing the

derivative shows that
'(y) = 2mingB(qy + 2)" ' f(y) <u qlBIP"
In our case we also have B — A < P/q. Thus we have
B

S e(slay+ 2" = [ eBlay+ 2y + Ou(l3IP" +

y A

p
! [ e(pende + 0,(51P" + 1),
0
Altogether we obtain
T(a) = 7' Sagl(B) + Onlq(|BIP" +1)).

Since we are currently dealing with major arcs we have ¢ < P° and |3| < P
Using these two bounds in the error completes the proof. O

Let M = Yo i)ﬁ% be the set of all major arcs.

—n—+6

Lemma 6.4. There is 0’ = §'(d) > 0 such that

/ T(a)*e(—ma)do = P*"S(P°, m)J(P°) + O(PF"=%)
m

where
=D > 0 "Su, e(=mafq)
q<P5 1<a<q,
(a,9)=1
and

k

J(P?) = / B ( / 1 6(75")d§> e(—)dn.

Proof. First observe that we have the trivial bound
| Sugl(B)| < P.
Thus, using a binomial expansion we find
T(a)* = (g7 Saq) " (1(8)" + O(PF 1),
Thus each arc yields

/ T(e)*e(—ma)da = (q_lsa,q)ke(—ma/q)/ (1(8))*e(—mB)dB+O(PrF—1+39),
Maq

|Bl<p—n+e
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Summing over all admissible a and ¢ we obtain
/ T(a)*e(~ma)da = &(P°,m) / (1(B) e(=mB)df + O(PFm"1+5),
m |Bl<P~nto

where we bounded the number of tuples (a, q) trivially by P?°. The same bound
can be used to bound &(P°,m) < P?.

We only have to manipulate the S-integral. To do so recall that P = (mﬂ, SO
that m — P* < P"~!. Thus by the mean value theorem we have

le(—Bm) — e(—BP™)| < |B|P"F <« P7IT.

Thus the error obtained by replacing m with P* in the integral can be observed
in the big-O-term. We get

/ T(a)*e(—ma)da = 6(P5,m)/ (I(8))*e(—P"B)df + O(Pk—n—1+59),
m |B|l<P—n+s

Having a closer look at the remaining integral we obtain

P k
[ @)te-pPayis - ([ etsenic) e-rrayas
|B|l<p—nto |8]<P—n+3 \Jo
= P J(P?).
This concludes the proof. U

We now define the singular series (for Waring’s problem with k-variables and

exponent n) by
3 S Sl maf)

g=1 1<a<q,
(a,9)=1

Note that for £ > 2" 4 1 this is absolutely convergent (as well as uniform in m).
To see this we apply Weyl’s boun (Lemma 5.1) to S, , and get

oo o0 oo
Z Z (q—1|5a,q‘)k: <<k’n qu—w%-i-e < Zq—1—2*n71+5 < o0,
q=1 q=1

g=1 1<a<g,
(a,9)=1

This suffices at the moment.

Theorem 6.5. If k > 2™ + 1, the number riy(m) of representations of m by k
positive integral nth powers satisfies

rr(m) = C’nykm%_IG(m) + O(m*/m=1=9),
for some fized &' > 0 and
L(1+1/n)*

Co = )
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This gives an asymptotic formula for r,(m) as soon as we can show that the
singular series &(m) is bounded away from 0. We will leave this task for after the
proof.

Proof. Combining all our results so far we obtain
re(m) = P*"&(P°,m).J (P°) + O(P* 7).
We first investigate the contribution from J(P?). To do so observe that
1
[ etenae=nt [ tengric =nt [ erbegac
0

Since the remaining integral is bounded for all . (Dirichlet’s convergence test for
infinite integrals together with absolute convergence at 0), we obtain the estimate

1
/O e(YEM)dE <y

Thus we obtain

J(P%) = / (n / 1<—1+ie<v¢>d<)k (=) +O(P~ /D)

-~

:Ck,n

At this point C},, is simply a number depending on n and k. Thus, without making
our error any large we can replace P by m» and &(P°,m) by &(m). Thus we
have seen
Te(m) = Crn&(m)m="1 + O(m al- .
We are done as soon as we can evaluate Cj,,. To do so we first observe that
//\ )y = Sm(27r>\,u)
A T

In the definition of C}, we can replace the infinte y-integral by a suitable limit
and interchange integrals. We find

k 1%Sin(27rx\(§1—|—...+Q€—1))
Con JLH;O/ [

k times

1 1
/ / [Cl'---'Ckfl'(U—Cl—u-—Ckfl)TH%dCl---deq
0 0

u—1<C1+...+Cp—1<u

We set

By a change of variables we get

k in(2r\(u — 1
Ck,n — nfk: )\lgl;lo 0 ¢(u)Sln(7T7(Tu(_ul) ))

du.
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Note that ¢(1) can be evaluated directly. Indeed, if & = 2, then we easily recognise
Euler’s integral representation for the Beta-function (i.e. B(p,q) = F(f';—igq) The
general case is a direct generalisation of this and we obtain

(1/n)*

If we can show that ¢(u) is of bounded variation, then we can use the Fourier
integral theorem and obtain

Chon khm/ b(u) 2 2“( =) 4y = (1)

A—00 u — 1)

o(1) =

I(1/n)f  T(1+1/n)*
L(k/n) — T(k/n)

Thus we are done when we can argue that ¢ has bounded variation. To do so write

1/u 1
o =uit [ / Lt (L=t = = ) R dt

Since the integrand is now independent of v and the range of integration contracts
as u gets larger we are done. U

6.2. The singular series. We now turn towards the study of &(m). To do so we

set
q

Al = > (g Sag)e(—am/q).

a=1,
(a,9)=1

Then &(m) =3~ A(q).
Lemma 6.6. If (¢1,q2) = 1, then

Alng2) = Alq1) Alga)-
Proof. We start by writing f(a,q) = S(’jqe(— m/q). If we have
a_a
Sty (mod 1), ¢ = q1ge,
9 9@ @

then
fla,q) = flar, q1) f(az, q2)-

To see this we compute

k
a z Z a a
q @1 42 4 a2
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With this at hand we can write

1 2 k
sS85 (10 (2 2) )
z=1

z1=1 z0=1

a2
a
= Z ( Q221 ) Z € (q_Q(qlzé)k) = Say,q192,42-

z1=1 zo=1 2
In the last step we simply re-ordered the sum after the change of variables ¢ga21 — 21
(resp. qi2z9 — 23). The multiplicativity of f follows using
a a a
e(—=m) = e(——m)e(——=m).
q 1 a2

The statement of the lemma follows easily by observing

Z fla,q) = Z flar, q1) Z f(az, ¢)

=1, a1=1, as=1,
(a,q)=1 (a1,q1)=1 (a2,92)=1
O
Lemma 6.7. If k > 2" 4+ 1, then we have
&(m) =[x,
p
for x(p) =1+ Y2, A(p"). Further we have
x(p) =1+ 0(p~'7?), for some § > 0.
Proof. By the absolute convergence of &(m) one can justify
-3t - T (X460 - Tho
q=1 P v=0 p
using multiplicativity of A(-) and the fundamental theorem of arithmetic.
Recall that we already used the estimate
A(g) Cnoe 4T T < g0
above. But this directly implies
o) [e.e]
p)—1=>Y Ap) <) p ' <p
=1 =1
by a standard geometric series argument. O

Corollary 6.8. If k > 2" + 1 there ezists po = po(n) such that

%S <2

P>Ppo
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This result will greatly improved by relating the numbers x(p) to the number
of solutions to a certain congruence.We now define

M(q) =8{0 <a1,...,24 < q: 27 + ...+ 2 =m mod ¢}.
Lemma 6.9. We have

N
w M(p"Y)
1+ ZA(p ) = N(k—1)’
v=1 p
so that

x(p) = lim —s

Proof. For ¢ = p" we write

URTEDI) I S CERRSE )

t=1 z1=1 xkl

3D M S o ( T )

qilg w=l, x1=1 Tr=1
(uq1)_1

We also compute

s}

7’L

6

q Un
)= Sl = L

SI:

r=1 =1

We now easily see

_ u
0='S Y (1) ettt =S A
qilg  u=l, ailg
(uql)—l

We conclude by setting ¢ = p¥. O

It remains to thoroughly investigate the congruence at hand. For each p we set
up the following notation. Let 7 = 7, be such that n = p™ny with (ng,p) = 1.

Further write
o )t +1 ifp>2,
TEW T TN 9 ifp—2.

We will need the following result to lift certain congruences. This is a specific
version of Hensel’s Lemma taylor made for our purposes.

Lemma 6.10. If the congruence x™ = m mod p" is soluble for (m,p) = 1, then
™ =m mod p® is soluble for every v > 7.
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Proof. We first consider the case p # 2. Note that (Z/p’Z)* is a cyclic group of
order ¢(p¥) = (p—1)p°~L. A generator g of this group is called a primitive root to
the modulus p¥. If v > v, then g is necessarily also a primitive root to the modulus
p?. We write

m=g", y=4q", = ¢° mod p°.
Looking at the exponents we find that the assumption y” = m mod p” is equivalent
to
nn = p mod p?(p —1).
Inserting n = p™ng = p’~tng we get that p is divisible by p?~* and (ng,p — 1).
Now we find £ such that

né = pmod p*~(p —1)

so that z¥ = m mod p®.

We turn to the case p = 2. This case is slightly different due to the usual
complications. But the idea is similar. Note that if n is odd (i.e. 7 = 0), then
there is no problem, since every odd m is a nth power modulo 2.

Suppose that 7 > 1. In particular, since n is even we have 2" = 1 mod 4 for all
x. Further, 5 is a generating element (i.e. a primitive root) for the cyclic group
of residue classes modulo 2V with = 1 mod 4. The order is 2°~2. We proceed as
earlier and write

m=5" y=5" =5 mod 2°.

We get that kn = p mod 2772, Again we see that p is divisible by 27 = 2772 so
that there is ¢ with
ké = o mod 2972

The corresponding x fulfills the desired congruence. U
Lemma 6.11. If the congruence

x4+ ...+ x; =m mod p’
has a solution with x1, ...,z not all divisible by p, then x(p) > 0.

Proof. Suppose
al +...+af =mmod p” and p1ay

Let v > ~ and observe that we can choose o, . ..,z in p=7¢=1

ways such that
rj=a;modp’, 0 <z; <p’forall2<j5 <k
The upshot is, that by the previous result we can choose 0 < x; < p” such that
ry =m—zy —...—x; mod p".
Since we have so many choices for xo, ...,z we get

M(p®) > poDE=D — ¢ et
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But C, = p~ %=1 ig positive and independent of v. We use this to obtain
x(p) = lim M(p*)p~**Y >, > 0.
V—00
O

Lemma 6.12. If k > 2n for n odd or k > 4n for n even, then x(p) > 0 for all
primes p and all m.

Proof. We need to solve the congruence
P+ ...+ 2 =mmod p. (11)
If p | m we replace this congruence by
x4+ ... +xp_; +1" =m mod p.

In this case we simply replace m by m — 1 and k by k — 1. We have reduced the
problem to solve the congruence (11) for k > 2n — 1 (resp. k > 4n — 1 when n is
even) and (m,p) = 1.

We start with the generic cases p # 2. There are ¢(p”) congruences classes
0 < m < p” with (p,m) = 1. Let k(m) denote the least k for which the congruence
(11) is soluble. We observe that if m = z"m/ mod p?, then k(m) = k(m’). We
group the numbers m together by the value of k(m):

M, ={0<m<p’: (m,p) =1, k(m) =1}.

Note that if M; # 0, then we have §M; > #{z" mod p7: (z,p) = 1}. We can
explicate this lower bound as follows. Put z = ¢° mod p” and a = ¢ mod p".
Here ¢ is again a primitive root. Observe that z™ = a mod p” is soluble if and only
if av is divisible by p™(n,p — 1). Taking all the distinct values for @ mod p™(p — 1)
into account we find that

p(p—1) p—1

t{z" mod p7: (z,p) =1} = (= 1)) = =1 =7

We enumerate
M, = {mgl) <...< mg)} and My = {m?) <. .. < mg)}

Note that M; contains exactly all nth powers and is non-empty. Further ri,ry, > 7.

We claim that M; or M, ; is non-empty. To see this we take the smallest m’
with (m/,p) = 1 that is not contained in M; U...U M;_;. Then m’ —1 or m' — 2
is not divisible by p. By minimality there is 1 < i < j — 1 such that m' — 1 or
m' — 2 is in M;. By writing

(m'—1)+1"or (m' —2)+1"+1"

we see that k(m’) < j+ 1. Again by assumption we see that M, or M., must be
non-empty as claimed.



THE CIRCLE METHOD AND WARING’S PROBLEM 44

Suppose M, is the last non-empty set. (of course only finitely many of these
sets can be non-empty!) Then at least (I — 1) of the first I — 1 sets are non-
empty. Including M, this makes %(Z + 1) non-emoty sets, each containing at least
r elements. We get

1
S+ Dr <o) =p"(p—1).
If we can show [ < 2n — 1, then we are obviously done. But this an easy task:

207 (p—1
l+1§M:2pT(no,p—l)§2n.
r

We turn towards the exceptional case p = 2. Again we observe that for odd n
there is really nothing to do. Thus we suppose 7 > 1. Without loss of generality
we can assume that 0 < m < 27. Assuming k& > 27 — 1 we can write down the
explicit solution xz; = 1 for 1 < i < m and x; = 0 for i« > m. We are done since

1 =2t _1<4n—1.
O

We follow the notation of Hardy-Littlewood and set I'(n) (not to be confused
with the I-function) to be the least number of variables k such that the congruence
is soluble for all p and all m. We have seen so far, that

P(n) < {Zn if n is odd, (12)

4dn  if n is even.
We are now ready to establish the following important theorem.

Theorem 6.13. If k> 2" + 1, then
S(m) > Ci(n, k) >0 for all m.

Proof. We have seen by Corollary 6.8 that it suffices to show that x(p) > 0 for all
p < po. But by (12) we have 2" + 1 > I'(n) for n > 2. However, according to
Lemma 6.12 this suffices to conclude x(p) > 0 for all p. O

Note that our problem is, that we only established absolute convergence for
S(m) when k > 2" + 1. We will spend the remainder of this section improving
this. We will need a series of lemmata.

Lemma 6.14. Ifpta and § = (n,p — 1), then

|Sapl < (6 —1)p2.

5 =

Proof. Since ™ = m mod p has the same number of solutions as x m mod p.

We get
a
Sap = E e (}—)x‘s) .

z mod p
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Given a primitive character x modulo p of order  we observe that
#{z mod p: z° =t mod p} = 1+ x(t) + ...+ x* ().

This is a well known generalisation of the well known quadratic case. With this
at hand we write

—Gax)
Here we interpret x° = 1 as the constant 1 function on Z. (This is a slight abuse
of notation!) Since (a,p) =1, we have G(a,1) = >, .4, €(32) = 0 by character
orthogonality. We get

Sap < (0—1) max |G(a, ¥l

1<I<6—-1

It is a classical result due to GauB that |G(a, x')| = /p as long as x' is non-
principal. We repeat the standard argument for completeness.

We write ¢ for any non-principal character modulo p. (The argument works for
primitive characters of any modulus!) Consider

= S vt (6-n)
=S Y vl (Y- ).

0y

Note that

Ze(ﬁ(x—l)) _ {p—l if o =1,

e P -1 else.
This is seen by artificially inserting y = 0 and applying character orthogonality.
We have

|Gla, )] = pib(1) = > (v
a£1

We are done after taking the square root. U

Lemma 6.15. Suppose pta and pfn. Then for 1 <v <n we have
Sapr =",
and for v >n
Sapr =P 1Sy pon.

Proof. In the definition of S, ,» we split the sum as follows:

Sapo = Z e —:c Z Z +2)").

0<2z<pv—1 0<y<p
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Note that
(yp”_1 +2)" ="+ np® 12" 1y mod p°.
We obtain X
az" anz" "ty
Sar = > e(—) > e )
0<z<pv—1 p 0<y<p p

Note that by assumption p t an. Thus the inner sum vanishes unless z = 0 mod p.
Thus we write z = pw and get

pv72_1
Sagn =P ) €l
w=0

First, if v < n, then we are just summing ones and get S, ,» = p*~*. Otherwise we
observe that we are summing a function of period p*~*. The claimed result follows
at once. 0

aw™
V—" )

p

Lemma 6.16. If p | n we still have
Sapr = pn_IS(L’pvfn.
forv > n.
Proof. As earlier we write n = p™ng. We have
v>png+1>2"+1>71+2.

We will follow the idea of the previous proof with slight modifications. In particular
we write
r=p" T ly+zfor0<y<p T O0<z<pTL

Suppose we have

" = 2"+ np' 712"y mod pv. (13)
Then we get
pv_T_lfl a/Zn p‘r+171 an Zn—ly
0
Sapr = ) el—y) Y e(——).
z=0 p y=0 p

Note that once again the inner sum vanishes unless z = 0 mof p. Thus

pv—7—2_1 n
S o T+1 az . n—1
ap® =P Z e(==) =" Sapr-n.
z=0 p

The latter is what we claimed, so that it suffices to verify (13). The critical case
to consider is
(z+p" Ty =2 4 p* 2P "y mod pY
Indeed raising this congruence to the power of ng is no problem.
Putting A > v — 7 — 1 we need to establish

(z +p/\y)pT = pr _i_p/\+rzp771y mod pA+T+1_
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We will continue by induction on 7.

The starting point is 7 = 1. In this case we have A > 14 6,—5. The critical term
is the last term in the binomial expansion of (z + p*y)P, which is p*?y?. But we
have Ap > X + 2 under the hypothesis in place.

We continue the induction step. For y; = y mod p we have

TP Ly )P

A7+1

1

(z+p )" = ("
= 27" 4+ pM72P" "Ly, mod p
= Zp'r _i_p)\JrTZp"fly mod p)\+7'+1.

This holds true by assumptions on A and we are done. U

Lemma 6.17. For (a,q) = 1 we have
Sug Kn ¢

Proof. By multiplicativity established earlier it is enough to consider ¢ = p¥. Write
T(a,p®) = p~**|S,»|. We need to show that T'(a, p¥) is bounded independently
of p¥. We have seen above that for v > n we have

T(a,p") = T(a,p"™").
Applying this repeatedly allows us to assume that v < n. Also note that
T(a,p) <, npzp~177) < nps.
Further, if pf n we get
T(a,p") < p”_lp_”(l_%) <lforl<wv<n.

Thus T'(a,p”) < 1 except when v = 1 and p < n®. But these are finitely many
cases (their number only depending on n) and we can treat them trivially. O

Theorem 6.18. The singular series &(m) and the product [], x(p) are absolutely
convergent if k > 2n+ 1 and we have

S(m) > Ci(n, k) >0 (14)
if k> 2n 41 if n is odd or k > 4n otherwise.

Proof. This is proved precisely as Theorem 6.13 using our improved bound on
Saq- O

6.3. Conclusion. Combining the results from this section we obtain the following
theorem.

Theorem 6.19. FEvery sufficiently large number can be written as the sum of k
positive integral nth powers for k > 2™ 4+ 1.
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Proof. By Theorem 6.5 we have an asymptotic expansion for the representation
numbers r(m). Since by Theorem 6.13 the singular series appearing in the main
term is positive. Thus, for sufficiently large m we have r(m) # 0, which proves
the theorem. ([

Thus we have established a new version of Hilbert’s theorem using analytic tools.
The upshot is, that for large m this approach even provides an asymptotic formula
for the representation numbers and thus gives a lower bound for the number of
variables necessary. (Hilbert’s and probably also Linnik’s approach can be made
explicit to give a lower bound for the number of variables, but this lower bound
will be much worse than what we obtained so far.)

The situation at hand is an adventure playground for analytic number theorists.
The game being to improve the number of variables needed. To quantify progress
we define the following numbers:

e We write g(n) for the least positive integer k such that ri(m) > 0 for all m;
e We write G(n) for the least positive integer k such that ri(m) > 0 for all
sufficiently large m;
e We write G(n) for the least positive integer k such that ri(m) > 0 for
m € N\ E, where E is an exceptional set of natural density 0. (Le. £{n €
E:n< N} =0(N).)
Of course G1(n) < G(n) < g(n). In general G(n) < g(n) as we will see later. A
natural lower bounds for G(n) is given by I'(n). This gives a general congruence
obstruction, which makes the singular series vanish for a positive proportion of all
m. Hardy-Littlewood classified all types of n for which I'(n) > n.

7. WARING’S PROBLEM FOR 3RD POWERS

As an example we consider the three number g¢(3), G(3) and G(3). We are
going to sketch the arguments to prove the following 3 results

g9(3) =9, G(3) <7 and G1(3) = 4.
Theorem 7.1 (Wieferich, Kemper). We have g(3) = 9.

All proofs I am aware of require some numerical computations as input. We will
leave this to the reader.

Note that this result pre-dates the influential papers of Hardy-Littlewood. We
follow the argument of Wieferich (1909). However it should be noted that Wieferich
had to argue slightly more carefully since there were no powerful numerical devices
at the time. They relied on tables of representations of numbers as cubes which
were very limited. Indeed, Wieferich’s proof had a small gap, which was later fixed
by Kemper (1912).

Proof. First note that the number 23 (as well as 239) can not be written as a sum
of less than 9 cubes. Thus g(3) > 9.
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Suppose z > 7,4 - 5. We assume that the claim can be checked for all smaller
z using a computer.® Then there is v > 5 such that

7,4-5% < 2 < 7,453,

We write z, = z — o?, for some positive integer «. Note that if z, > 0, then

a < J/7,4-5" Note that
Za1 — 20 =30 — 3o+ 1 < 3a? < 37,42 . 52012,
We define 7 so that
5u—2
Since v > 5 > 3 we have 7 < 2,3. Thus we find « such that

33/7,42 - 5212 = 15% je. T = = 284,8-57".

7,4-5% < 2, < (7,44+2,3)-5% and 7,4 - 5% < 24 < 24 < 12-5%.

We take o/ € {o, v — 1} such that 5 1 z,. (This can be achieved since for 5 { «
we have 51 (3a® — 3a + 1), which can be seen by computing modulo 5.) Now we
let 5 run through a reduced system of representatives modulo 5”. Then there is
such that 3% = 2, mod 5¥. We rewrite this as

Zg=zo — > =5"- M.

We obviously 6,4 - 5% < z, — 82 < 12 - 5%, This yields 6,4 - 5% < M < 12 - 5%,
We put
M = 6-5% + M in particular 0,4 - 5% < M; < 6 - 5%".
Now take € € {0,1,2} such that v + ¢ = 0 mod 3. We now claim that we can
choose 7y such that

M; =5 ~% +6- Mz for My # 4"(8n + 7).

Here we cheat again. Indeed we observe that it is enough to consider M; =
6 mod 96. Thus for the finitely many cases ¢ = 0,1,2 and § = 0,...,95 one has
to choose v such that Mj is not of the forbidden shape. This can again be done
numerically.! One actually can do so for v < 22. Thus we note that for v > 5
(this is not true for v < 4) that

0,4 5% >5%.22% > 593
so that M3 is positive. We have
0 < My < 5%,

31 didn’t check this myself and it was certainly not possible in 1909. Thus there were further
reductions necessary for small z.
Wieferich did all the cases by hand and includes corresponding tables in his paper.
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We now observe the identity
3
S A+ )’ +(A=w)’] = A[6A° +6(aF + a3 + 23)] .
i=1
We now Legendre’s three-square theorem, which claims that M3, since it is not of
the form 47(8n + 7), can be written as the sum of 3 squares:

M3 = z7 + 25 + 3.
Thus, applying our identity with A = 5¥ we find that
6-5% +6-5"Ms =yd+ ... +y
But now we insert everything and obtain
2=+ 3 4+5"-M

=’ + B34+ 53 +6-5% 4+ 6- 57 M

=P+ B+ BT+
We count 9 cubes and (up to our omissions) the proof is complete. O
Theorem 7.2 (Linnik). We have G(3) < 7.

Even before the arrival of the circle method Landau had shown G(3) < 8.
(Showing that there are only finitely many numbers which need 9 cubes.) Linnik
improved this to G(3) < 7 but one might even conjecture G(3) = 4.

Linnik’s original argument was quite complicated using some deep result on
representation numbers of quadratic forms. We instead follow the easier proof of
Watson. This proof is more closely related to Landau’s earlier argument and uses
some prime number theory, which we will use as black box.

Proof. We will use the following claim without proof: If X is sufficiently large and
k < log(X)19 with (k,1) = 1, then there is a prime p = [ mod k with X < p <
1,01-X.°
Before we start the main argument we prove an elementary claim.

Claim: Let N be a positive integer and assume that there exist distinct primes
p,q,r such that

ep=qg=r=—1mod6;

o r<qg<1,01-r;

. %q18p3 < N < ¢"3p®;

e N = 3p mod 6p;

o AN = r¥p? mod ¢°;

o 2N = ¢"®¥p? mod r%;

5This can be deduced form a suitable version of the Siegel-Walfisz theorem for primes in
arithmetic progressions.
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then N is representable as the sum of six positive integral cubes.
To see this we first observe that the conditions ensure

(4q18 + 2r18)p3 < 8N < (4q18 + 87"18)103
Further we have the congruence
8N = (4q18 + 27“18)]03 + 18¢°%p mod p®r%p

One can check that both sides of this congruence are congruent 24 mod 48. Thus
we can strengthen the modulus to 48 - pSrp. We therefore write

8N = (4¢™® + 2r'®)p* + 18¢%°p + 48¢°r%p - u for 0 < Su + 3 < ¢~ r'?p*.

Now write 8u + 3 = x? + 23 + 22 by Legendre’s three square theorem. We have
the obvious bounds z; < ¢3r®p. We conclude by writing

8N = (4¢" + 2r'*)p® + 6¢°r®p(z? + 23 + 22)
2
Z °p+r’z;)* + (¢°p — r°z)®] + [(r®p + Px3) + (r%p — ¢x3)?).
=1

We are done since 8 = 23 and all terms on the right hand side are even and positive.
(Note that this is a similar idea we have seen earlier!)

We turn towards the proof of the theorem. Let n be sufficiently large. We claim
that there are primes 7, ¢ less log(n)? such that ¢ = r = —1 mod 6, r < ¢ < 1,017
and (gr,n) = 1. This can also be shown using standard results from prime number
theory. (In particular a suitable Siegel-Walfisz theorem and a standard bound for
the number of prime factors of n.)

Now we write X = n%q_ﬁ. Every number co-prime with ¢ - r is congruent to a
cube modulo ¢® and 7%, we can find a number [ such that
183 1813 mod 75.

dn=r mod ¢° and 2n = ¢

Now we apply our first claim (note that if n is large enough so is X) to find a
prime p with
p = —aq®r® + 166r% 4 1c6¢® mod 6¢°° and X < p < 1,01 X.

for suitable a, b, c. This constructions ensures that

183 18,3

dn=r mod ¢%, 2n = ¢*®p® mod 7% and p = —1 mod 6.

Finally we choose an integer ¢ so that
t3=n—3p mod 6p, t =0 mod ¢*r? and 0 < t < 6pg?r?.

This is certainly possible, since every number is congruent to a cube modulo 6p.
But now we are done, since N = n — 3 satisfies all the assumptions from the claim

above and can thus be written as a sum of 6 (integral positive) cubes.
U

Theorem 7.3 (Davenport). We have G1(3) =4
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Here we follow Davenport’s original treatment (see [Dal]), which uses a variation
ot the circle method. The proof will take us a while and we first establish several
lemmata.

However, before we start lets observe that every cube is congruent 0, 1 or —1
modulo 9. Thus the sum of 3 cubes can not be congruent 4 or 5 modulo 9. This
already shows G1(3) > 3. To derive upper bounds is the hard part.

We introduce the following notation:

T(a) = Z e(ax®),

P<z<2P

Ti(a) = Z e(az®) and

4 4
P35 <x<2P5

V(a) = T(a)*Ti(« Zp

Note that here
p(n) :ﬁ{w3+x3—|—y3+z3 =n: P<w,xr <2P and ps <y,z< QP%},

We need some further notions, some of which we have seen earlier:
1

1 _2 _2
I(B) = 3 Y. nse(Bn), L(B) = 3 > n”se(fn),
P3zn<(2P) (P3)3<n<(2P3)3
q
a an
6(—1}3), A(?’L, Q) - q_4 Z S4,q6<__)7
=1 q a=1,(a,q)= q

o0

=" Aln,q), 8(R,n) = ZA(n, 9),

T*(a,a,q) = ¢ ' Saql(a - g), T (e, a,q) = ¢ Sali(o — g) and
V*(O(, CL, Q) (T*(O{ a’ Q)T ( a’7 q))z :
Recall that by Lemma 6.17 we had
2
Saq K q3.

Further we have seen in an exercise that, for n # 0 we have
q
a n
Sa,n,q = Z 6(_1‘3 + —J}) < q%+€(n7 q)
=1 q q
Lemma 7.4. If |8 < 3, then

I(8) < min(P, P2|8|™Y) and I,(8) < min(P5, P~5|8|™).
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Proof. The first choice in the minimum is simply the trivial estimate. The second
one follows from

> e(pn) < I8

ni<z<na

and partial summation. U
A direct consequence of this lemma are the estimates

T*(ov,a,q) < ¢ 3 min(P, P~2|8|™Y) and T} (a, a,q) < ¢~ 3 min(P3, P3| 871,
(15)

as long as o = % + 3, where |5| < %

Lemma 7.5. For H>1, ¢ < H'™°, B < ¢ 'H™?° and n # 0, we have

/H e(Bx® — @)dx S (e <5H3 - ﬂ) - 1) +O(gn2H™).
0 q q

Proof. We integrate by parts [-times. This yields

[ et "yt = - (ewm—%)—l)—:j( L) e o)

q 2min
+ (52 )l/oHe(—%)Dl(e(ﬂxB))d:c.

2min

We write

D' e(Ba®)) = Y c(r,h)BTa" "e(Ba?).

1
ghgrgh

Using the assumptions we can estimate 72" <« ¢ "H TG [3—h « ¢~ =hd,
Therefore we can estimate

DM"e(Bx®)) <, ¢ "HM.

Using these estimates the error term can be bounded by

-1 g\ 7\

Z (_) Cl(h)q_hH_M + (_) Cl(h)q_lHl_w.

2\ Tl ]
By choosing [ large enough the result follows. O
Lemma 7.6. If a = ¢ + 8 with ¢ < P70 and |B| < ¢ 1P727°, the

T(a) = T*(a,a,q) + O(¢57).
Further we have the estimate

T(or) < q 5 min(P, P~%8] 7).
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Proof. Splitting the summation in the definition of T'(«) in congruence classes
modulo ¢ yields

= Z Z e ((g + ,6’) (mq + h)3) = Z e(gh?’) Z e (B(mg+h)*).
h=1 Pob <m< 2P0 h=1 Pohm 2Ph

We will apply Poisson summation to the inner sum. For convenience we modify
the m-sum by counting the boundary terms with weight % For this sum we get

2P—h 2P h
Z e (B(mg + h)?) = / ’ e(B(xq + h)*)dx + Z / B(xq+ h)* —nx)de
Ph<m< 2Pl = neZ\{0}
2P nh
= q_l/ (Bx*)dx + ¢! Z e(—)/ (Bx® — nx)dx
P nezvioy 1 /P

We will use the approximation y_%e(ﬁy) = n_%e(ﬁn) +O(P 3 forn<y<n+1
and P? <n < (2P)3. We obtain

2P 1 (2P)3 )
[ eatdo = [y ey = 1)+ o).
P p3
So far we have obtained
2P
T(a) =T (a,a,9) + ) qlsa,n,q/ e(Ba® — “)dz + O(1).
0£neZ P q

Applying the previous result to the integral in the n-sum we get

(o) = T(w0) = g 3 07 g (e3P = 220 — e -0 )

q
OO |Saqnln™P70).
n#0

We can control the error term trivially:

S Sl 2P € PSS )
n70 n=1

The n-sum is treated differently. The first part of the sum (small n) is treated
trivially:

<D Y Sugnl < Y 0Tl (n,g) < g5 (16)

n<q? n<q?
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Finally we treat the remaining part:

DS n‘lsa,q,nd—%np ) —e(BP%) Y n—lsmq,ne(—gm

[n|>q2 [n|>q2

26(85P3)Ze(a—h3) Z §sin(2ww)
= 4 e " q

—e(ﬁP?’)Ze(%) Z %sin(?ww)

h=1 q n:q2+1 q

. . h—2P . oy h =P _
<<Z(m1n(l,q 2||TH 1) + min(1, g 2||T|| 1))

The claimed upper bound follows directly after inserting a previous estimate for
T*(a,a,q) and observing that ¢'™¢ < min(P, P~2|58|™1). -

As a direct consequence (replacing P by P%) we obtain the following result
concerning T} («).

Lemma 7.7. If a = ¢ + 8 with ¢ < P50 and |8] < gL P752) | then

T1<a) = Tl*(av CL, Q) + O(qurE)
Further we have the estimate
Ti (o) < g5 min(P3, P75 (3|7,

Recalling our original treatment of Waring’s problem it should appear natural
that we will use the Farey sequence together with the rational approximations to
T(«). In our case at hand the distinction between major and minor arcs will be
different.

Consider the full Farey sequence F = {%: 0 <q< P* (a,q) =1}n]0,1].
The Farey arc surrounding g € F is given by

ata_ a—+ax
g+tq-"q+ar

a,q:(

Here Z—: < % < Z—I are 3 neighbouring Farey fractions in our sequence. These arcs
cover the interval [0, 1] (modulo 1). For a € A, , we have

a =24 Blor —0ig7 P < B < 0hg P,
q



THE CIRCLE METHOD AND WARING’S PROBLEM 56
where 6,0, € [3,1]. We define

M = U Aag (17)
g < P37 (a,q) =1

-

to be the major arcs and rename 9, , = A, , in this case. The minor arcs are

m= U Aag (18)

P39 cq< p2+s,
(a,q)=1

A single minor arc is relabeled to be m, , = A, .
We need the following lemma for the major arcs.

Lemma 7.8. Under our current hypothesis we have
Z/ V(e) = V*(a,a,q)Pda < PP,
m

Proof. Take a € M, ,. By the lemmata above we have
T(o) — T*(cv, a, q) < ¢3¢ and T(e), T*(av, a, q) < ¢~ % min(P, P~2|8|7").
Similarly we have
Ti(a) — T} (e, a,q) < ¢ and Ti(a), T{ (e, a, q) < g 3P,
Using this we conclude that
T(e)’Ti(a)* = T*(a, a,q)° T} (o, a, )
< ¢ 3PS min(P, P72|B7Y) + ¢ 3 P5 min(P?, P67,

Thus we can estimate

/ V(e) = Ve, a, q)Pda < q_§+EP156/ min(P?, P~4872)dg
M, 0

aq
+ q_%+€P% /OO min(P*, P~8374)dB
< qiTPE q_0§+EP153 < iTPE
Summing this over all the arcs in question we get
Z/m V(o) = Vi a,qPda<p? Y gt < PHE.
a,q Y Ma.g

g<p30=9)

The result follows at once. O

Before we can estimate the minor arc contribution we need another preliminary
result.
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Lemma 7.9. If P1=° < ¢ < P** and || < ¢ 1P~279, then
T(a) < Pt
Further, if Ps(1=9 < g < P32+ gpq 18| < g 1P529) then
Ti (o) < P3G+,

Proof. We recall that Weyl’s bound reads

m 3

Ze(%) < (mq)e(m% +mgz + m%qi).
=1

We set Sy, = > e %3) For m < 8P? we get

1§az§m31§ (
. | _1 11 3,150,
Sm K (Pq)¢(P%+ Pq 2 + Pigs) <« Pa7a%7"c,
With this at hand we can conclude the proof using partial summation as follows:
P

T(a) = Z (Sn — Sn—1)e(fn)

n=P;

= Su(e(np) —e((n+1)B)) — Sp,_1e(B(PL — 1)) + Sp,e(BP)

n=P;
< PP + 1),
The claim follows since P3|3|7! < ¢~ 'P'79 < gq. O

We will also use the following counting result.

Lemma 7.10. The number of integral solutions of
vityita =yt
with
P <xy,20 <2P and P3 < Y1, 21, Y2, 22 < 9P5 .
Is bounded by O(P5+e).
Proof. We first count solutions of the special shape 1 = x5. Thus we can choose

21, Y1, 21 freely in O(P%) ways. Since there are at most O(P*) solutions to m =
y3 + 23 we have in total O(P3 %) solutions of this form.
For the rest of the argument we assume that z; > x, and write xo = x and
r1 = x + t. Inserting this parametrisation yields
3ta® + 3Px + 17+ y) + 20 = s + 2.

Thee right hand side is not larger than 16P%, but the left hand side is greater
than 3P%t. Thus we obtain the range 0 < t < 6P% for t.



THE CIRCLE METHOD AND WARING’S PROBLEM 58
We write \ \
r(m) = #${P5 <yp, 2 <2P%:m =y, + 23}
and
r(t,m) = ﬁ{P% <y1,21 < 2P%,P <x <2P:3ta? + 3%+ 3 +y + 20 =m}.

We then are left to estimate

NI

2 Z“m)r(@m)S(ZZTW) A S v | < P,

2
o<t<6pPs ™ N

-~

<<E+6 <M
A key observation is that we can take M above to be the number of solutions to
3tad 4 3t%x) + 2+ of + 20 = 3tad + 3t + 15+ yi + 23,
where we impose the usual restrictions upon ¢, z;, y;, 2;.

To estimate M we first look again at the quasi-diagonal contribution y3 + 23 =
Y3 + 23. Choosing t, 1,1, 21 freely and using the same trick as above shows that
this contribution is bounded by O(P3*¢).

We turn to the solutions with 33 + 25 — 3 — 23 # 0. Given any such y;, 2; by
the divisor bound we see that there are only up to O(P¢) choice for ¢t and x; — z.
But having made these choices xy + x5 and so x; and z, ae ultimately determined
as well. Thus the contribution of these solutions is at most O(Ps *€) and we find
that M = O(P%“). Inserting this estimate for M above completes the proof. [

We can now estimate the minor arcs.

Lemma 7.11. Under our current assumptions we have
/ IV (a)|2da < P40t
m

Proof. We start by estimating the contribution of a minor arc m, , with ps-9 <
g < P'=°. Here we use

T(a) < ¢ 3 min(P, P72|8]™") and Ty(e) < P37,
We get
/ V() Pdo < q_34P4(g+6)/ min(P*, P~*3~4)dB < q_%P%“‘”l,
m 0

a,q

. . . o 1
Summing over all such minor arcs gives a contribution < P**t%4°. Now we

consider the remaining denominators P < q < P25 On these arcs we use
T(a) < P19, We can bound

1
[ V@Pda < PE [ T(0)Ti @ Pda + P,
m 0
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The key observation is now that we can reverse the starting point of circle method
and recognise that the remaining a-integral counts the same solutions as does
Lemma 7.10. Inserting this result concludes the proof. U

We can now attack the analytic main part of the proof. We will set R = [P§(1*5)].
In the following we reserve the capital letter A, @) for positive integers with () < R,
A< @and (A,Q)=1.

Lemma 7.12. With our current hypothesis we have

1 /
/ D> Vi@, A,Q)Pda < P
Here the Y. indicates that if « is on the major arc M, 4, then we omit the term

Q = q and A = a from the sum.

Proof. First we use (15) to estimate
* _4 5 4 A _2 8
Vi, A Q) < Q3P Ha—aﬂ Ps.

Inserting this estimate above yields
1
[E Y veaopia< Y r#at [a- )
0 @ a Q A
o4 4 _a A Asg
= 32 PEQG! [l G e - 2

Q1,Q2 A1,A2
(A1,Q1)#(A2,Q2)

We turn to the first sum, the diagonal contribution. Note that the integral is
taken over [0, 1) omitting the major arc M4 . Thus we can estimate

3 PEQ [fa- Gl da < P¥ EZQ—/ B4

—1p-2— S5
< P75y Q-QTQP P
Q
< P3+1—15+35_

We turn to the off-diagonal. Here both major arcs My, o, and My, o, are
removed from the domain of integration. For any a we have

HOé—@H_ H H or Ha—@\lzélla—Q—H-
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Without loss of generality we can assume that the first is the case. Since « is not
in the major arc My, g, we have

o= 221 2 5Q7* P2
With this at hand the integral can be estimated by

[lla= 2 = 2 da < PRy

Inserting this in the sum we get

_4 A

_24 1 — 21—

> 3 P! [a- 2 e - 22
Q1,Q2 A1,A2 @ 2

(A1,Q1)#(A2,Q2)

LTS
Q1 Q2

2 8

3 3

~ 244495 Z Z Q3
<P (A1Qq — AsQ1)?

Q1,Q2 A1,A
(A1,Q1)#(A2, Qz)

Here (A1Q2 — A2Q1) denotes the absolutely least residue of A;Qs — A3(Q)1 modulo
Q1Q2. Now if 1, Q2 are fixed and we have (A;Q2 — A2Q1) = n, then A;, Ay are
determined uniquely. Thus we can finish our estimate as follows:

A

_ 24 1 _ 20—

Sy P QﬁQQ/M Gl = G2 e
Q1,Q2 A1,A2 1 2

(A1,Q1)#(A2,Q2)

< P~ +4+26ZQ1 ZQQ Zn—2<<P4
Q1 n=

Lemma 7.13. We have
/ IV (a ZV* a, A, Q)’da < Pt

Proof. When « lies on the major arc 9, , we estimate
!/
=2 D V(@ AQI<|V(e) = Vi(aaq|+ D) Vi@ AQ)
Q A Q A
If « is on a minor arc we simply use

ZZV (a, A, Q)| < [V (a |+|ZZV*QAQ

All the so obtained pieces can be estimated using previous results. Namely Lemma 7.8, 7.11
and 7.12. ]
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Lemma 7.14. We have
Z(p(n) — ¢(n)6(P2+57n))2 < P4+T10+357

where (n) < P5 for 3P3 < n < 15P5.
Proof. We set

Y(n) = % Z Z (n1nongng)”s.

PPsninasZP)® (p3)s<ns ma<(2P? )8

n=ni+nz+nz+n4

N

According to our definitions we have

Further unraveling the definitions yields

Via, A, Q) = ZQ (Saq) ¥ (n)e((a — =)n) (19)

and

SN V0, 4,Q) = 3 w(m)S(P*, n)e(na).
Q A n

This yields

> lptm) ~ v ) = [ 3 (o) o))

n ni,ng

- (p(n2) = ¥(ne) &(R, ns))e(a(n — ny))da

g/ V()= 33 V(e A,Q)da.
0 o A

This can be estimated using the previous lemma and yields the first part of the
assertion.

We still need to consider the size of 1)(n). Suppose 3P3 < n < 15P3, then we
can choose ns, ny arbitrarily. Further we note that n —ns —ny ~ P3. Thus we can
also choose ns in at least > P? ways. But then n,; is uniquely determined. Thus

we have
2
3

w(n)>>P3(P%)2(PB'PS'P%P%) > P3.

The upper bound is seen similarly. U
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We now have to recall some facts about the singular series. Note that we already
know that A(n,q) < ¢~3. Further we have the multiplicativity An, q1q2) =
A(n,q1)A(n, q2) for (¢q1,¢2) = 1. Recall that we already investigated the numbers

M(q)=#{0<w,...,24 < q:2i+...+x;=nmod q}.
Note that from Lemma 6.9 it follows that
M(ph) M)

N — I
A(p') = Pl PR

We will now require the corresponding primitive count:
N(pl) = Jj{o S T1y.--,T4 <pl7 (x1,$2,$37l'4,p) = ]" $?+ _’_x?l = n mod Q}

We need the following result, refining some of our earlier investigations. The
upshot of this modification is that one can show

N(p') = p"" BN (p) for 1 > 7, (20)
where v = 2 if p = 2,3 and 7 = 1 otherwise.

Lemma 7.15. Write p*7||n where 0 < o < 2. Set ly = max(3p+0+1,3p+7).
Then A(n,p') =0 if L > ly and

00 p—1
Xo(n) =D Aln,p") =p NP, 0)Y p +p " IN@, np ).
v=0 v=0

In particular, if pt6n, then A(n,p') =0 forl > 1.

A similar results holds for any s and any k£ but we will stick to the special case
at hand.

Proof. Tt suffices to show that p~®' M (p',n) equals the claimed expression. Thus
given | > [y we have to reduce the count of solutions to the congruence in question
to primitive solutions.

Write h? + ...+ h3 = n mod p'. First note that not all h; are divisible by p***.
Indeed if this were the case, then p3™°*1 would divide k3 + ...+ h3. (This is since
3p+0+1<3p+3.) Butl >1ly > 3p+ 0+ 1, so that p*t°* | n. This is a
contradiction.

We divide the M (p',n) solutions to the congruence in p + 1 classes as follows.
For 0 < i < p write M;(p',n) for the number of solutions (hy,...,hy) for which
h?+ ...+ hi =nmod p' and p' || (hy,...,hs). Given a solution contributing to
M;(p!,n). Then we can write h, = p'y,. Since 0 < Iy — 3p < | — 3i we find that

yi+ . Fyi=p Pnmod p 0 <y, <p T and pt (1, .., pa).

The correspondence (hy, ..., hs) = (y1,...,ys) is actually one to one and by count-
ing the possible quadruples (yi,...,ys) we get

Mi(p',n) = p*N(p'=,p~'n).
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We combine this to
P P
M@ a)=> PN p~¥n) = p* ™Y " p N7, pn).
i=0 i=0
In the last step we inserted (20) which is possible since | — 31 > Iy — 3p > 7.
Since v < 3 we have v + 31 < 3+ 3i < 3p for i < p. In particular p” | p~3n. So
that in this case N(p7,p~3n) = N(p?,0). Inserting this completes the proof. [

Lemma 7.16. We have N(p?,n) > 0 for all n.

Proof. We first deal with the exceptional case p = 3. In particular 37 = 9 and one
can exhibit solutions to the congruence explicitly. For example 13 + 83 + 03 + 03 =
0 mod 9 and more generally

P4+ +1240°+...40°=mmod 9 (21)

v v
m times (4—m) times

for 1 < m < 4. The remaining m can be dealt with by replacing 1 by 8 on the left
hand side and m by —m on the right hand side.

The other exceptional case p = 2 is even easier, so that we can turn towards
p > 3, where v = 1. We write r = (3,p — 1) < 3. For p { n and we claim that
r-variables suffice to solve the congruence. In particular, by setting the remaining
variables we see that 3 variables suffice in this case.

We call ny,ny € Z/pZ equivalent if there z with is (z,p) = 1 such that x°n; =
ng mod p. This is indeed an equivalence relation and we claim that there are 147
equivalence classes. The trivial class is obviously just 0. Thus we need to see that
there are r classes remaining. To see this we choose a primitive root of unity ¢, so
that

9°.9, 9"
ganz (Z/pZ)* representieren. Note that ¢"' = ¢"2 mod p if and only if (p — 1) |
(my — my). We will compute how many of the number ¢3™ with 0 < m < p — 2
are distinct modulo p. But as remarked above this is detected by (p — 1) | 3(my —

ms). But the latter is equivalent to m; = my mod (:f;/ll). Thus each non-trivial
equivalence class has (?)pp;_ll) elements. Therefore there are (3,p — 1) distinct non-

trivial classes as claimed.

Let 0 < my < ... < n, < p be the first representative in each of the r non-
trivial equivalence classes. Obviously it is enough to show that the congruence
h3 + ...+ h} = n; mod p has a solution for all 7 = 1,...,7. We continue by
induction. Of course n; = 1 = 13. Now n;;; — 1 is (by minimality) in a class
[n;] with 1 < j < 4. Thus there is z such that (n;41 — 1) = 2°n;. By induction
hypothesis we can write

Niy1 = 13—|—x3(h?—|—...—|—h§?) mod p

and we are done.
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Finally, if p | n, we can write n — 1 =y + ... 4+ y5 mod p. But then
nzyi’+...+y§—|—13 mod p.

]
Lemma 7.17. For any p and any n we have
Xp(n) = p~°.
Proof. If p* { n, then we have seen earlier that
Xp(n) = p~IN(p?,n) = p~ = p~°.
Similarly, if p® | n, we get the lower bound
Xp(n) = p IN(p?,0) = p~ > p".
O

Lemma 7.18. For any prime p we have the estimate

Alnp) < {7 ?pr”’
p if p|n.

Furthermore,
Xp(n) —1 <p? forptn
and xp(n) >1—Cp~tifp|n.
Proof. The bounds on x,(n) follow from the bounds on A(n,p) by taking into
account when the sum defining y,(n) terminates. (Some cases need to be distin-
guished but this is not difficult.)
If p | n we simply conclude using the previously established bound |S,,| <

(0 —1)/p < 2,/p and trivial estimates.
Finally, if p f n, we recall that we have seen before that
. ™
Alp,n) =p™> e(=—)O_(r)r))*,
r=1 p P
where the y-sum runs over non-principal characters whose 3rd power is principal.

The bound follows by opening the 4th power, taking the r-sum inside to find
another Gaufl sum and using standard estimates for Gaufl sums. U

bS]

Lemma 7.19. The series &(n) is absolutely convergent and satisfies
S(n) > loglog(n) °W.

Furthermore,

> " A(n,q) < i,

q>n
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Proof. Absolute convergence follows directly from the estimates given in the pre-
vious lemma. To obtain the lower bound we compute

n) =[] xn) > ( 1T p‘6> [Ta-co= || [Ta-cr™

p<2C p>2C, p>2C,
Mn pln
> H (1-— ) > loglog(n) =W,
pln

We still have to show the upper bound on the tails of the singular series. Given
q we write ¢ = ¢'q3 for (¢/,6) = 1 and ¢3 | 6. We further write ¢ = ¢1¢2 by
defining g = ¢'/q1 and p | ¢; if and only if p||¢’. Of course ¢ = ¢1¢2qg3 and the ¢;’s
are pairwise co-prime.

If p'||q2, then p > 3 and [ > 1. Thus A(n,p') = 0ifl > Iy = 3p+0o+1. Therefore
A(n,p') # 0 implies | < 3p + o + 1, so that p!~! | n. This in turn implies p' | n?
and gy | n?.

We will use the bounds

1
A(n,q;) < g, 2 fori=2,3.

The ¢; part can be estimated differently:

f%+e 1
Aln,q) < ¢ 2 (n,q1)7.
With this at hand we are ready to estimate
; ,; ,; —4 ; _1
ZAn q) < Z Ch (7, ¢1)2(q2q3) 6 Z Q1 “(n,q1)? (q243) .

q=n q19293>7, q1,42,93,
q2|n? q2|n?

We are done after inserting the estimates

Zq26<d ) < nf,

QQ\nQ

_1 1 1
qu 6 <(1-27%)"Y(1-37%)"' <« 1and

qu_f nQ1%<<ZdQZ “5te < d(n) < n.

din r=1

Lemma 7.20. We have
Y @m)S(P*,n) — (n)S(n))? < P*.

3P3<n<15P3
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Proof. Note that ¥(n) < P3. The result follows directly from
S(n) = &P n)= 3 Aln.g) < PToEP

q>P2+s

We are now finally ready to proof the main result of this section.

Proof of Theorem 7.3. Let E(N) denote the number of positive integers less than
N that are not representable as sum of four positive integral cubes. We aim to
show that

E(N) < N17%+45'

Set P = ( N)é. This choice is made so that 3P® < N < 2N < 15P3. Thus we

get

ST (p(n) — v(n)&(n))? < P,

N<n<2N

Of course we have p(n) = 0, when n contributes to the count of E(2N). For such
an n with N < n < 2N we have

(p(n) — Y(n)S(n))? = ¥(n)?&(n)?> > Ps loglog(P?) 01 > ps—<.

By assuming P to be large and making e smaller if necessary we can assume that
the implicit constant is 1. We can now conclude that

E(2N)—-E(N) < pste Z (p(n) — ¥()S(n))? < P Tot3ite o N1-35+45
N<n<2N

for N > Ny. We now fix 7 such that 20+ < Nﬂo A standard dyadic sum argument
yields

T0 1—%+6 L
—ro—1 1—5:+6
E(N) < N2t 43 <F> < N'7at0, (22)
r=0
for 20 < N3 < 270+! and N large enough. This concludes the proof. U

8. DECOUPLING AND VINOGRADOV’S MEAN VALUE THEOREM

We now change gear a little and discuss some very recent developments in the
intersection of harmonic analysis and number theory.

8.1. Harmonic Analysis and decoupling. We will discuss some ideas that ul-
timately lead to the infamous decoupling theorems that brought much progress to
harmonic analysis and number theory recently. Due to time and place constraints
we can not give full details. Most of the ideas are taken from a survey article of
L. Pierce on the topic (see [Pi]).
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8.1.1. From orthogonality, Littlewood-Paley theory and restriction problems. Let
H be a Hilbert space and (f;)ier a (finite) family of elements. By Cauchy-Schwarz
we have the estimate

IS fbe < VA (z f)

iel icl
We all know, that if the f;’s are orthogonal (i.e. (f;, fj)» = 0 for ¢ # j), then this
improves to

1> fille = (Z HﬁHi) % :

iel iel
Essentially we have already used this observation in the setting of H = L?([0, 1]),
where the set f,(z) = ™" is a orthogonal sequence.

Example 8.1. For H = L?(R") we can choose (nice) disjoint sets (U;);es. If we
pick f; such that supp(f;) C U;, then the functions f; are orthogonal. This follows
from the well known Plancherel theorem:

[ @t = [ f@)ia

Building on this example we can take a function and dissect its Fourier trans-
form into pieces. This technique (Littlewood-Paley theory) yields a sequence of
orthogonal elements of L?(R"). To be more precise we put

A;(€) = 1y, for U; = By(27*1) \ Bo(2/).
Now we obtain the following operators
[P f1() = (A;0)" ().

(Here fY denotes the Fourier Inversion.) The argument from the example shows
that the functions f; = P;f are pairwise orthogonal. One sees that

1Pzl = 11 e

It is a key inside that (at least for n = 1) we can salvage this equality to some
extend. Indeed we get

1
Q1B )2 Nr@) = 1 fllnqey (23)
J

The deep Ball Multiplier Theorem due to C. Fefferman shows that we can not use
sharp cut-offs such as the functions A; in higher dimension. I.e. the upper and
lower bounds (23) fail (for general f) in LP(R™) with p # 2 and n > 1.

In the setting above we call the f;’s quasi orthogonal if (23) holds for all 1 < p <
0o. Quasi orthogonal families can for example be constructed (in all dimensions)
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by replacing the A;’s with smooth bumb function that are essentially concentrated
in the annulus U; and are of rapid decay outside.

The construction above also makes it natural to study so called square-functions.
Say we have a family of operators 7; then the square function is the operator

fr (ijﬂz)

Half of the content of (23) says that the square function (associated to the U;) is
bounded in LP.

At this point we will not define what we mean by a decoupling inequality but
we give some examples that feature de-coupling.

1

Example 8.2. Let (f;)ie; be a family of functions such that there is N € N such
that for each &:

Hie I fi(€) #0} < N.
We write w; = supp( ﬁ) Using Plancherel and Cauchy-Schwarz yields

||Zfz-HL2 = |l ZJ@HLZ <l <Z|ﬁ|2> (Z ﬂwi> 2
i J 7 i

<N

We obtain the following [? decoupling inequality for L?:

1 e < VTSI e = () = (S

Example 8.3. Let f;j(z) = e(j%z) for j € {1,...,N}. We claim that these
functions satisfy the following [? decoupling inequality for L*([0, 1]):

N 3
Dot NHL4<<N€(ZH jqu4) |

7=1

To see this we argue as follows. First observe that
| Ze(j2x)||i4 =t{l1<z1,...,04 < N: 2% +25 =25+ 27}

by character orthogonality. If we choose x1, x5 freely, then there are up to N€¢
possibilities for z3, x4. Thus

N

1D e(®a)llzs < N**e.

J=1
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But the right hand side can be computed to be

1

(Z |re<fx>||%4> = Nt

1 1
/ le(%)['da :/ ldo = 1.
0 0

Let S C R™ be a compact smooth submanifold with induced Lebesgue measure
do. We say that (LP, L9) restriction holds for S if

This is because

1 flsllza(s.doy <pa.s 1] Le@n)

holds for every Schwartz-function f. There are many interesting phenomena re-
lated to these restriction problems, which we unfortunately don’t discuss here.
Let us define the restriction operator

Rsf = fls.
We have the closely related extension operator

(Esgl(z) = / 9(€)e(x - €)da(e).

(This is the inverse Fourier transform (gdo)" along S) The point of these operators
is that one can formulate the restriction problem by saying

Rg: LP(R™) — LY(S,do) or Eg: L7 (S,do) — L¥ (R™)

is bounded for 1/p+1/p’ =1 = 1/g+ 1/¢’. The main conjecture among these
lines is the so called restriction conjecture. We briefly state the adjoint form:

Conjecture 8.1. Let S be a compact C? hypersurface in R™ with nonvanishing

Gaussian curvature at every point. Then for p’ > % and q < (Z—:) p’ we have

HESQHLP’(R") <pa.s ||g||L'I'(S,dU)‘

The number % 18 called the restriction exponent.

The Tomas-Stein Restriction Theorem makes progress towards this conjecture.
(Instead of the restriction exponent only the Tomas-Stein exponent 2(:—:1) is reached.)
We now state a quite general framework in which one can consider decoupling

estimates. Later we specialise to more restricted, but still important cases.
Consider a compact smooth manifold S in R" with associated measure o. We

partition (or cover) S by caps T of size §. Given g: S — C we write g, = 1, - b for

the restriction of g to 7. An [? decoupling result for LP states that there exists a

critical index p. > 2 and some x > 2 such that

1
2
|Esgl|lr(p) <e 6~ € (E ||Esgr||%p(3))
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for each ball B C R™ with radius 67" and for each 2 < p < p..

The first (sharp) [? decoupling result was shown for compact C? hypersurfaces
S C R™ with appropriate curvature by Bourgain and Demeter. We are more
interested for a version concerning curves which will apply to Vinogradov’s mean
value theorem.

8.1.2. Decoupling for the moment curve. For n > 2 and any interval J C [0, 1] we
define the moment curve
L;={(tt...,t"):tc J} CR"

Given an integrable function g: [0,1] — C we define the extension operator

Eygl(@n . ) = / g(D)e(tar + Py + ...+ "w,)dt.
J

Let B be a ball of radius 1 < 6™ centered at zy in R™. We define the weight
wp(z) = (14 |z — 20|6™) ¥ for E > n sufficiently large.
We work with the weighted LP-norms:

Wl = ( [ 160P0at0))

We use these weighted version as replacement for LP(B). Indeed thinking of £
sufficiently large, there is essentially no weight outside of B.

Theorem 8.4 (I? decoupling for L™V for the moment curve in R"). In the
notation above we have

1 E0,19 ]l o) ) Ken 0| Y 1191171 (g
Jclo,1],
\7]=5
for all integrable g: [0,1] — C. (Note that the implied constant is independent of
5, B andg.)

We outline the originally proof by Bourgain-Demeter-Guth from the harmonic
analysis perspective. Note that there is a simplified argument due to Guo, Li,
Yung and Zorin-Kranich, which was inspired by the (nested) efficient congruencing
approach due to Wooley.

Proof (Outline): We write

B9l rwn) < Vo) | D I1Es9 g | (24)

JC[o,1],
|J|=6
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so that we need to show V,,,(8) <, 6~ for p = p, = n(n +1).

Step 1 (Initial reductions). We start with some basic reduction steps and easy
cases.

Claim 1.a It is enough to show V), () <, 07 for all p < p, sufficiently close
to the critical case. To see this one first shows

| Esg|lon (ws) K | Ergl|Lrwy) for every 1 < p < p,.

This is non-trivial and it uses that E;g is frequency localised. (Ideas related to a
Bernstein inequality are necessary.) With this at hand we assume (24) is known
for p. We apply Holder with ¢ = % > 1 to see

(Z HEJQH%p(wB)) < HIL[QQ]“LPq/(wB) <Z ||EJ9||%pn(wB)>
J J

The idea is that pg’ = % goes to infinity as p approaches p,,. Thus by taking p
close enough to p, we can easily control the contribution of |[1j.g | zse (-

Claim 1.b Decoupling is translation and dilation invariant. This relies on a tricky
affine change of variables and instead of giving any details we only state this more
precisely. Suppose (24) is known. Then we have the following. For any 0 < § < 1,

any 0 < p <1 and every interval I of length 6” we have

1
2

2

1Erglrm) < Vo 80) | 2 1E s,
Jcl,
|J|=6
Note that the ball B still has radius 67".
Claim 1.c For every 0 < 0 < 1 and for any interval I, and for any ball B of
radius 61 in R™ we have

1Bl 200w < | S 1Esg )
Jcl,
|J|=6
for a dissection of I into subintervals J of length d. (In other words, V4,(J) < 1.)
This can be reduced to the case where we replace the weight wg on the left
hand side by the sharp cut-off 1 and the weight wg on the left hand side by
ne(z) = n((z — zo)R™"). Here 1 is chosen such that the Fourier transform of /i
is supported in a small neighborhood of the origin. We also assume that n(z) > 1
on the unit ball centered at 0. With this choice made we observe that

IEgl1 728y < |1 B19ll720p) = IWBE19] 72 = | Z\/”BEJQH%Q(R”)'
7
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As in our example at the beginning we now want to show that the Fourier trans-
forms of \/npE; g, i = 1,2 have disjoint support as soon as .J; and J; are distinct
and non-adjacent. If we know this we obtain the result by an almost orthogonality
result that we have already seen. But this support property can be shown using
the convolution theorem (for Fourier transforms) and the construction of n (and
of course the extension operator F;g).

Step 2 (Controlling linear decoupling by multilinear objects). We first
need to define the multilinear decoupling parameter, which will play a key role
here.

Let M and K be sufficiently large (in terms of n) parameters. Further take
n>22<p<p,and 0 <0 <1 as usual. Define V,,(d, K) to be the smallest
positive real number such that for every collection Iy,..., Iy of pairwise non-
adjacent intervals of the form [i/K, (i + 1)/K] and all balls B of radius 6=" we
have

M 2

1
M M
! (HEW> lom <V [TI[ S 180l ) |
j=1

j=1 \JcI;,|J|=6

for every g: [0,1] — C.

Claim 2.a Linear decoupling implies multilinear decoupling. In other words,
Von(6, K) < V,,(0). This claim relies on two simple facts. First, by Holder
we have

M e M 1
” (H Eg) lostws) < T (1B llzoom) ™ (25)
j=1 :

J=1

Second, we put g = Z]Ai1 gj, where g; is supported on I;. Since the intervals are
non-adjacent and distinct we have

Er,9 = Ep19;.

Thus we can apply linear decoupling to each factor, which gives the claim directly.
Claim 2.b Multilinear decoupling implies linear decoupling. To be more precise
one can show that there exist constants C, and ¢ K) with limg_,o €,(K) = 0
such that for 0 < § < 1 we have

Von(6) < Crep6~ ) sup V,,.(0, K).
5<8'<1
Compared to the other implication discussed in Claim 2.a this is highly non-trivial.
The proof proceeds via induction on scales. In particular one combines clever
partition arguments, the arithmetic-geometric mean inequality and the rescaling
principle. We omit the details.
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Key Definition: We come to the definition of a key quantity. We start by
rescaling our weighted LP-norm to:

1 P
— p

It can be seen from the definitions, that this re-normalisation works well with
multilinear decoupling. For 1 <t < oo and ¢,r > 0 we set

1
M

(NI

M

Dt((LBT:g) = H Z ||E']Jg||%§(w31") )

Jj=1 J]‘C]j,le‘:(sl

where B* is a ball of radius 0 ~*. In this notation the definition of V,, (4, K') reads:

M M
I (H Efjg) 22wy < Vo (8, K)Dy(1, P", ).
j=1

The definition we want to make concerns an average of these quantities. For any
ball B" (of radius 6~") and a finitely overlapping cover By(B") of B" by balls B*
(of radius 6~*) we define

1
A,(q, B = | 50— Ds(q, B®, g)P
0B =\ ) 2 e B

Claim 2.c We have the estimate:

M M
I (H EW) g (wpn) < 0% Ap(u, B",u, g).
j=1

This follows from standard inequalities (Cauchy-Schwarz, Minkowski), a Bernstein
type property and some tricks to convert weights. We omit the details.

Claim 2.d If we can control the quantity A,(q, B", s, g), then decoupling follows.
We will first explain what we mean by controlling A,(...). To state this precisely
we define 77, > 0 to be the unique real number such that

lim V,, ,(§)0"" = 0 and lim V},,,(6)6" 7 = co
0—0 6—0

for every o > 0. We assume that the following holds:
Letn > 3,2 < p < p,. Suppose that Theorem 8./ is known for all dimensions
k <n—1. Then for every W > 0 and for every sufficiently small u > 0, we have
for every g: [0,1] — C", every 0 < 6 < 1 and every ball B* C R™ of radius 6"
we have
Ay(u, B u, g) Lo e 60"t 0=eWp (1 B g), (26)

for every e, > 0.



THE CIRCLE METHOD AND WARING’S PROBLEM 74

Using this result, taking the supremum over g, (1;); and balls B” in Claim 2.c,
and unraveling the definitions yields

‘/;7,71(57 K) <<0',E,K,W 5—%5—55—(np+0)(1—uW)‘

According to Claim 2.b the linear decoupling constant V), ,,(9) is controlled by the
multilinear version. Thus, for a sequence § — 0 we get

5~ (p—0) Ko e KW 5 (K) =5 g—eg—(npto)(1—uW)

Looking at the exponents we find that this implies
1 €+ €6(K)+0(2—ulV)
< p
=gt ulWv’

Note that this holds for all €,0 > 0 arbitrarily small. Further we can take K

arbitrarily large. Finally recall that €,(K) — 0 as K — oo. Thus 7, < ﬁ Since

we can take W as large as necessary we get 1, = 0. By definition of 7, this implies
the decoupling theorem.

Step 3 (Tools to control A,(...)). It remains to derive (26). This is an iterative
process and in this step we provide some key tools one needs to proceed.

Claim 3.a Multilinear I?> decoupling for L?. We have already seen that [? decou-
pling for L? is special, see Claim 1.c. This holds true for multilinear decoupling
as well. For every 0 < § < 1let Z;,...,Z) be collections of intervals of length (a
multiple of) . Assume that the elements of Z; are pairwise disjoint intervals. For
every ball B of radius 6!, we have

1 1
1IN 7 I\ 77

M 2 M 2
IT| D 1Bl <|IT| X 159170
j=1 \ICZ; J=1 \JCI,|J|=4

Note that this is a very strong form of decoupling since it works down to the scale
0. We skip the proof.

Claim 3.c Lower dimensional decoupling. This tools is derived from the assump-
tion that the decoupling theorem is known for dimensions 2 < k£ < n. From this
one can derive the following useful result. Let n > 3 be fized. For every 0 < <1
and every 3 < k <n, for any interval I C [0,1] of length (a multiple of) 81, for
every ball B € R™ of radius 0~ and every 2 < p < p, we have

IEiglittom < Vot 620 | 32 NEuglyun)
JCI|J|=6F"1

Somehow the idea here is that at an appropriate scale we can approximate parts
of the moment curve by its lower dimensional versions.
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Claim 3.c The key ball inflation statement. This seems to be the most sophisti-
cated tool we are going to name here.

Fix1<k<n-—1,2n<p<p,, and take M = n!. For any ball B**! of radius
5L and a cover By(B*) and for every g we have

1 M A
B, (B1)| > (| X I1Esele
k BreBL(BE-1) \ j=1 \J,Cl; [ J;|=6 i (W
. o
<ex 0] > 1E5,911% )
i=1 \J;Cl;,|J;|=6 Ly (wpkt1)

with an implicit constant independent of 6, g and the ball B*+.

The point is that the size of the balls changes, while the intervals stay the same!
The proof includes some intricate reduction steps which finally make it possible
to apply some multilinear Kakey result, which is itself a deep theorem from the
realm of (multilinear) restriction problems.

Step 4 (The iteration process). We will not say to much about this very
complicated step. Note that the key inequality reads

Ap(, B" ) < 6™V, (8)! 72507 Dy (1, B")'=25=075 - [ [ Ap(bju, B", bu)?, (27)
j=0

for r big, u small, p < p,, close to p, and suitable number ~;, b;. The proof of this
inequality uses several applications of the tools provided in Step 3. In particular
n — 1 instances of ball inflation. The constants 7;,b; arise through Holder and
interpolation arguments.

Now we iterate (27) and get

Ay(u, B", u) < 67V, (8)1%i=0%.D, (1, B")'~2i=0 %’.H H Ay(Byu, B™, Byu) ™,
J1=0 Jjr=0
(28)
for j = (j1,...,jz) € [0,7]%, By =1bj -... bj, and 5=y, + ...+ 7,
We need one last estimate which is easily derived from Hoelder and rescaling:

Ap(Bu, B", Bu) < Vp,n(éliuﬁ)Dp(lv B").
Inserting this in (28) we find

Ay(u, B", u) < 66w D (1, B).
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Here we win since we can make

, L
> By = (Z bﬂj)
j j=0

sufficiently large by first taking r large and then L! (Note that if we would not
iterate (26), then we could not ensure that >, b;v; is arbitrarily large.) O

A direct consequence of the decoupling theorem is the following discrete version,
which is what we actually need.

Corollary 8.5. Let n > 2 and p > 2 be fixed. For every e > 0 there is a constant
C. = C(e,n,p) such that the following holds: For every N > 1, and for each choice

of a fized set of points {t1,... tn} with t; € (5t %], for each ball By of radius
R > N™in R™, and every set of coefficients {a;}1<i<y with a; € C we have

P

N

1

<_\B | Z CLiG(til'l —+ .. 't?x")lprR ($)d$1 o dx”)
REJRY o4

N 3
oo ()

=1

We only indicate how this is proved from the general decoupling inequality.

Proof. First, note that the statement of Theorem 8.4 holds for any ball B of radius
R > 0~ (where 0 < 6 < 1). Second,, typical reductions show that it is sufficient
to deduce the critical case p = n(n + 1).

Formally we want to apply the general decoupling estimate to g = Zf\;l @;Ot—t, .
With this choice we of course have

Egg(@,... @) = ) ae(tiwr + ...+ tfa,).

=1

i—1

Also for each interval J = (*=11] we get

EJg(xla s 71;n> = a’ie(tixl +...+ t?xn)u

for the unique t; € J. The LP-norm of this is trivially computed and we get
1
P 1
[Bsgllisiny = ( [ JoPumy()te)” < Balblal
A direct application of Theorem 8.4 with § = & (for larger radii) in this setting

yields the desired inequality. To make this rigorous we simply have to choose
suitable approximations for the d-function in our choice of g. O
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Along these lines one can prove decoupling estimates for other convenient curves
replacing the moment curve. We mention the following example, which we need
later to improve Hua’s inequality. The curve in question is

D= {71 1) 1<t <2}
We restrict ourselves to state the discrete version of the corresponding decoupling
inequality.
Theorem 8.6. The following discrete decoupling inequality holds:

2N
n

N~
N

kg + (

|Z e <(N )s—lx1 4.+ 2x5_1> |s(s+1)dX < N%s(s—‘—l)-‘,—e?
[-N.N]* =N

N
fore>0and N > 1.

8.2. Vinogradov’s mean value Theorem. We consider

fr(x,N) = Z e(nxy +n’wy + ...+ nFay).
1<n<N

In this section we are interested in the mean value
Joa(N) = / ol N)[2day - - da.
[0,1]%

Reversing the circle method approach (i.e. orthogonality of characters) we can
interpret this as

Jox(N) =8{x € (0, NJNN)*: 2] + ...+l =2l +... +ad forall 1 <j <k}

Note that this system of equation is translation invariant.
The bound

Jow(N) <o NE(N® + NZ~25E00) for all € > 0 (29)

is the Main Conjecture and is now a theorem due to Bourgain-Demeter-Guth (and
Wooley). The critical exponent is s = 1k(k + 1).

Note that we have the trivial lower bound Jgx(N) > N° coming from the
solutions z1,...,zs € [1,N] and z; = x;,5. We can give an alternative lower
bound as follows. Observe that for 1 < x; < N we have

|(gg{—mg+1)+...+(xg—xgs)|Ssz for 1 <j <k.

By arranging all < N?* possible tuples (x1,...,75,) € [0, N]* according to the
values estimated in the previous equation we get

N D Y / (e N)Pe(a - h)da
hi|<sN  |hy|<snk  (O1]F

<X XETp(N) = N2FHD 1 (N,

)
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Thus we have N2~ 2k(k+) « Jsx(N). In particular the upper bound in the main
conjecture is sharp up to N¢.

Theorem 8.7 (Bourgain-Demeter-Guth, Wooley). For all s,k > 1 we have
Js,k(N) < NE(NS + NQS—%]C(IC-FI))’
for every N > 1 and all € > 0.

Note that the cases k = 1, 2 are relatively easy. For general k and s < k it can be
shown that J; x(N) = sIN*+O(N*~1), so that we essentially only have the diagonal
contribution and its permutations. There has been a lot of progress through the
years showing that the estimate holds for s > sg(k). It is relatively easy to see
that once the conjecture is resolved for the critical exponent s = %k(k + 1), then
it holds for all s. For k = 3 the critical case and thus the full conjecture was first
resolved by Wooley using his very successful efficient congruencing method. This
method has been extended to handle all k. However, here we will only indicate
how this theorem is derived from the decoupling result discussed above.

Proof. First we reduce to the critical exponent s, = 3k(k 4 1). To do so assume
we know the theorem for s.. Suppose s > s.. Then we trivially have

Js i (N) < sup|fi(a; N)|28_250/ k|fk(oz; N)|[*<da.
a (0,]
Applying the theorem for s. and the trivial estimate |fy(co, N)| < N yields the
result. The opposite situation is s < s.. Here we apply Holder with ¢ = 2¢. This
yields

1
Jor(N) < (/ 1) (Joor ()7 < (N7 & o
(0,1]%

Here we used again the theorem in the critical case.

Now the case n = 1 is trivial. Here we have s, = 1. Thus we are counting
x1,xy € [0, N] with x; — x5 = 0. Therefore J;;(N) < N and we are done with
this case.

We are left with n > 2 and s = s, critical. To treat this situation we start
with some test function yoga. We choose a Schwartz function ¢ € S(R*) with
o(x), 6(€) > 0 and $(&) > 1 for |¢] < 1. We rescale this as follows:

éu1(x) = 9(<7) so that G (x) = M*¢(Ma).

By varying the radius R < N* we can majorise ¢y () by wp,.
We apply Corollary 8.5 with p = 2s, n = k and t; =  to see

N . e
2 1 1
N~k /JZ@(NQ:I +..+ mxk)ﬁsw(xl, )y . dr, << NS
Rk T
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Changing variables and inserting the definition of ¢y yields

e k2/ |Z e(try + ... +1 Ik)|2s¢<Nk P )dan - da <N

Now we open up the 2s—moment to get

T
k:(k:-H Z / Il—l— +0k( ) )qb(NTl_l,,ZEk)dl’ld;pk < NS-&-e’
217 77/25
where
0;G) = +...+il =i, —. . —i& for 1<j<k.

We now recognise that the remaining integral is nothing but the Fourier transform.

Indeed
/ e(Hi(i)xl—i—...+0k(i)xk)¢(%,...,xk)dxl...dxk:N =Dk 3(N*=10, (1), ..., 0,(1)).
]Rk

Inserting this above yields

ST AN (), . 0(0)) < N

By our choice of ¢ we get

Js,k<N) = Z 1< Z é(Nk7161(1)779k(1)) < N*Te
11500825, 11 5e0y025
160 (i) |<NI—F

Indeed, since §,(i) is an integer and NI=F <1 for all 1 < j < k we must have
6,(i) = 0 for all j. d

8.3. Applications to Exponential sums. The results in the previous sections
can be used to strengthen certain estimates of exponential sums. We start by look-
ing at a strengthening of Weyl’s bound in a setting critical to Waring’s problem.

Theorem 8.8. Suppose k > 3. For 2 < 7 <k assume
a 1
|z; — 5! < e with (a,q) = 1.
We have the estimate
felz, N) < NY (g + N™' 4 gN )& with K = k(k — 1).
Proof. Let ¢q,...,cy € C and put S = ZnN:1 ¢n,. We obtain

b __
S = E CnyCng * * * Cny, -
1<ni,....,np<N

We will write n for a b-tuple of integers lying in [1, N]°. Further put
s;(n) =n] +...+n.
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Thus given n we can associate
s = (s1(n),..., sp_2(n)).
Note that s € S for
S=N2N[1,bN] x ... x [1,bN*2].
Turning tables we put
N(s)={n:s;n)=s;for 1 <j<k-—2}

for s = (Sj)lgjgk_g eS.
With this notation set up we get

szz Z Cpy """ Cny-
)

s€S neN (s

Note that 4S = bF2N*-D(¢=2)/2 - Applying Cauchy-Schwarz we get

|S|2b S bk—QN(k—l)(k—2)/2 Z| Z Cny - 'Cnb|2
s€S neN(s)

— =2 N (=1)(k—2)/2 Z Cy oy Gy~ ** G

-
sj(n)=s;(m)

We now specialise to ¢, = e(P(n)) for P(z) = Z?zl a;x?. We obtain
Cmy =+ Cony Gy~ + Oy, = €((s0(m) — s () Jovg + (85-1(m) — sp-1(n)) 1)

if n, m satisfy the constraints of the sum.
We put m = m; and m; = m + u;. Further write n, = m + v;. Then binomial
expansion implies

(v) = Zm —my = Z (7)srtm-my

In particular, s;(m) = s;(n) for 1 < j < k — 2 implies that s;(u) = s;(v) for the
same indices. Further we get

Sk_l(ll) — Sk_l(V) = sk_l(m) — sk_l(n).
Similarly we see

sk(u) — sk(v) = sk(m) — sp(n) — km(sg_1(m) — sp_1(n)).
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To save chalk we put d; = d;(u,v) = s;(u) — s;(n). These considerations lead us
to

’S‘Qb < bk—2N(k—1)(k—2)/2 Z e(dkOék +dy_ oy — 1) Z e(k:dk_lmozk).

u,v m
d]':O
j=1,....k—2

Let us have a closer look at the ranges of the summation parameters. First, u;
and v; lie in {—N, ..., N}. Further, m must satisfy

1<m<N,

1—u; <m< N —uwu,; for 2 <i<b,

l—v, <m<N—w; forl <i<hb.
So the inner sum is linear and runs over some interval of length < N. Thus we
have the familiar estimate

> e(kdp—1may) < min(N, |[kdy_iop| ™).
Let R;(h) denote the number of solutions to the system of equations
ué—i—...—l—uz:v{—l—...—i—vg for 1 <j<k—2,

ub T = h o

with |ui|, |v;| < N. We can estimate

> eldrag + dira — 1)) e(kdeymay) < Ry(h) min(N, |[khay[| ™).
h

u,v m
=
j=1,...k—2

Next we shift the variables (m; = m 4+ w; and n; + m+wv; for N +1 < m < 2N)
in the equations underlying R;(h). This way we find that R;(h) counts solutions
to

sj(m) =s;(n) for 1 <j <k -2,
Sp—1(m) = h + s;,(n)
Within the constraints
mi =m, m—N <m; <m+N for 2<i<band m—N <n; <m+N for1 <i<hb.

We relax these constraints to 1 < my,n; < 3N for 1 < i < b and write Ry(h)
for the new count of solutions. Note that since we allow m; to vary we have
Ry(h) > NRy(h).
By character orthogonality we can write
3N

Rg(h):/[ouk_ ) " e(P(n, )| e(—hay_1)da,

n=1
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for

k-1

= Z ajycj.

j=1
Estimating the integral trivially yields Fy(h) < Ry(0). We recognise Ry(0) =
Je—1(3N;b) as the Vinogradov mean value.

We obtain the estimate
2bkNk—1

ZRl ymin(N, ||khag||™") < N1 Jp_1(3N;b) | N + Z min(N, [|hay| ™)
h=1

_ 1 log(q) | qlog(g)
bkN*"'J,_1(3N;b) | = :
< k-1(3V;b) . +
In the last step the h-sum was estimated as in the proof of Weyl’s inequality.
Backtracking everything we have done we see that we have obtained the inequal-

ity

N % 3%
Jeo1(3N;20)\ 2 (1 log(q) | qlog(q)\*
k 5 N k—1 ) -
;3 ) < (b k) N2b—k(k—1)/2 q + N + NE

We now take b = k(k — 1)/2 and estimate Jx_1(3N,2b) using the mean value
estimate. This yields the claim. U

Theorem 8.9. For 0 < s < k we have
/ |T SS+1)dOé < N32+e.

Recall that T(a) = SN, e(an®).

Proof. We deduce this from Theorem 8.6. First, we rescale the discrete decoupling
inequality and use periodicity to get

2N L
/ / |Z € (erbcsm +n e n901> 16D ey deg_qde < N s(st1)+e
[7171] [01115_1 n=N

We now write K, = K,(t) for the kernel on R/Z whose Fourier transform K, is
trapezoidal and satisfies K,.(n) = 1 for |n| < r and supp K, C [—2r, 2r]. Note that

K(X) = KQN(JJl) e KQNS—I(.TS_1> < N%s(s—l).

Similarly to the derivation of Vinogradov’s mean value theorem we multiply the
integrand by K(x), open the s(s + 1)-power and realise the Fourier transform.
This yields

k
/ |Ze( "ﬂ:’_ J])|S(S+1)dl’ < N52+€.
-1.1] N

n=N
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We continue from here using another test function. Pick 0 < ¢ < 1 with
supp ¢ C [—1,1] and $(0) =1, ¢ > 0. Then a by now familiar argument shows

N —k(k k 2
Z IL”]1€+~~-*"§(s+1) < Z gp(Ns (n +- '_n8(8+1))) K N7
N<ni,...ng(s41)<2N N<ni,...,ngs41)<2N
This implies
1 2N
/ |Z e(nkx”s(s—l-l)dx < Ns2+e
0 n=n
and the assertion follows by a typical dyadic dissection. U

9. REFINED ANALYSIS OF THE ASYMPTOTIC FORMULA FOR WARING’S
PROBLEM

Using the improved versions of Weyl’s estimate and Hua’s inequality given in
the last section we now revisit the circle method. This will lead us to highly non-
trivial estimates for the number G(n) as n gets large. We will prove the following
theorem.

Theorem 9.1 (Bourgain). We have

For large k this implies G (k) < k2—k+O (k). To the best of my knowledge this
is still the record for large k. Note that for small k£ there are different individual
records as we can see from the case k = 3 considered earlier. The following
argument is essentially taken from [Wo].

9.1. The minor arc estimate. We introduce some notation (some of which
should be familiar):

fr(x; P) = Z e(zin + ...+ xpn®),

1<n<P
Fk(y> 9? P) = Z e(yln +.o..+ yk72nk72 + enk)7
1<n<P
gr(a; P) = Z e(an®) and o, ;(x) = Z(xf —al ) for 1 <j <k
1<n<P i=1

The set of minor arcs m to be the set of a € [0, 1] such that whenever
o= <] < (2kq) " P and (a,0) = 1 (30)

then ¢ > (2k)~'P. (Note that here we are taking smaller minor arcs than in our
original circle method application to Waring’s problem.)
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Proposition 9.2. One has

/ |ge(c; P)|Pda < PaFk=D-1 log(P)** J, 1 (2P).

Proof. First we take h € Z*~2 and observe that

// F(B,0: P)e(=Prhu—...—Br-ahy2)dBd0 = 3" b(x,h) / e(00, 1(x))db,
01

for Sx<p
o(x, h) = ]ii[j (/01 e(B(0s,5(x) — hj))dﬁj) :

Character orthogonality tells us that

/0 6(6]'(0-3]( ) ))dﬁj - USJ(X =h;-

This justifies the notation §(x,h). Since |0 ;(x)] < sP? we have
Yoo ) dxh)=
|hi[<sP |hy_o|<sPk—2

Also note that

Y elboun(x) = |gn(0).

1<x<P
With this at hand we can deduce

oY // |F(8,0; P)|e(—Bihy — ... — Be—ohy_2)dBd0
0,1)k—2

|R1|<sP |hp_o|<sPk—2

/ 2 (Z(SX h) (B0 (x ))dez/\gk(e)y%de.

1<x<P
By estimating the left hand side of this inequality trivially we get
[la@pds < pieve> [ s epFass. (3
m m J[0,1)k—2

Character orthogonality applied essentially as above yields

// |Fi(B,0; P)[**dBdo = // 0)**e(—ay_1h)dads,
Ol)k 2 Ol)k 1

|h|<sPk-1
(32)
with f(e,0) = fe((aq,...,ax_1,0); P). Next we write
k

fla) = Z e(Y(x —y,a)) with ¥(z, ) = a2z + ... + agz”.

1+y<z<P+y
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Using the binomial theorem we can write

k ko,
5 7 .
_ h = oV ey
U(r —y; z:(; " where & ;(Z)( y) o
Now we define
K, = > e(—v2)and fy(a,7) = > e((z—y;a)+ ).
14+y<z<P-+y 1<z<2P
This definitions allow us to write
1
(@ = [ fles)Ky ) (33)
0

Next define

ny «, 771 fy a>_9a _75+i)7

(7, ) // ,Y)e(—ag_1h)dadf and
[0,1)

H Ky % ’ys—i—z)
This is set up so that by inserting (33) in (32) we get

/ / IFL(B,0; P)P*dBd6 — / Ly, 9) K (7)d.
m J[0,1)k—2 0,1)25

We will use character orthogonality to treat the a-integral in the definition of 7.
We set A(0,~, h,y;x) to be

|h|<sX k-1

e(00s k(X =) + M121 4 .o F Vols — Veq1Tsg1 — - - - — V25T2s)

when

S ((@i— ) = (i — ) =h (34)
and zero otherwise. This yields

/[Ol)kl‘/t-y(aaea’)l)( O lh Z A97>hy> )

1<x<2P
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Using the binomial theorem we observe that if x satisfies (34), then

S

z — 2 =0for1<j<k-—2and 2 — gy = .
) s+1 i s+i

=1 i=1

This directly implies
Tor(x—y) =Y (@i — ) = (@i — 1)¥) = our(x) — khy.
Reversing character orthogonality yields
/ Fylo, 0, v)e(—ag_1h)do = / Fola,0,v)e(—khyd — hag_1)de.
[071)k71 [0’1)k71
We use this to obtain

> L(v.) :/

|h|<s Pkt "

/ Fola,0,7) Y e(—khyd — hay_)dadd
[0,1)]“_1

|h|<sPh—1
The linear sum can be estimated by
Z e(—khyd — hay_,) < min(P*1, || kyb 4+ cgyr] ™)
|h|<sPh-1
We set
Y0, ap) =P~ Y min(PF kyb + g | )

1<y<P
and deduce the estimate

Pty Oy Ih(%y)<</

1<y<P |p|<sPk-1 m

[ iRm0, au)dads.
[071)k71

We have seen how to treat functions such as ¥ (6, ax_1) several times. Suppose
0 € R is such that |6 — 2| <772 with b,r € Z and (b,r) = 1. Then we have

(0, p_1) < PPH P+ 7t 4 r P7F) log(2r).

By Dirichlet approximation we can assume that r» < 2kP*~1. But since § € m we
have r > (2k)~' P by default. Thus we get

sup (0, ag_1) < P"2log(P).

fem
With this at hand we can estimate

Pty Y Ih(%y)<<P“10g(P)/

1<y<P |n|<sPk-1 m

[ 1Fulat.)des.
[071)k71
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Inserting the definition of Fy and applying Holder we obtain

2s %
Py Y mw s P ([ [ e aan)

1<y<P |p|<sPk—1

< P*?log(P SUP// 1ol (v, 0;7)**dexdd
[0,1)F

~v€[0,1]

— PF2log(P) / (o, 2P) = dax.

[0,1)%
The remaining integral is nothing but the Vinogradov mean value.
Inserting this estimate above yields

/m/[o’l)kl|F(ﬂ,0)|28d5d9 Y //{01 F(B.0) 36

1<y<P

- /[ P Y e | Eeay

1<y<P |h|<sPk-1

< P*log(P)J.4(2P) / R ()l

[071)25

Since K factors in a product of linear sums K, (7). Each of these can be estimated
by

1 1
/ K, ()| < / win(P, ||| V)dy < log(P).
0 0
This implies
/ |K(v)|dy < log(P)?
[0’1)25

which in turn gives the bound
[ s.eppdsis < gy uger)
0,1)k=

We conclude the proof by inserting this in (31). O

The proof of the above estimate goes back to Wooley, but injecting the full
strength of the main conjecture yields the following useful estimate.

Corollary 9.3. We have

[lastas P < P
m

Proof. We simply apply the above proposition with s = %k(k + 1) and use (29) to
estimate the mean value. O

This suffices to give a good estimate for the minor arcs.
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Theorem 9.4. Let s < k and
k—s—1

B —g————
Sk:+1—s

<50 < k(k—l—l)

Then we have

/ IT(a)]*da < N*o—+0

This improves considerably the number of variables for which we can control
the minor arcs for Waring’s problem.

Proof. We start with a general consideration involving the Holder inequality (some-
times called interpolation). Suppose 0 < a < sgp < b. And assume that we have
good bounds

171§ < Aand || f]l; < B.

We now write sop = s¢ + (1 — 6)sq for 6 € [0,1]. We want to choose p and 6 such
that pfsy = b and ¢(1 — 0)sy = a (where ¢ = p/(p — 1) as usual). This is satisfied
with the choice
b— b(so —
p= 270 andg= M=)
So — @ So(b— a)

Applying Holder and inserting out bounds thus yields

sp—a

I < AiBs = Ave B¥

We set b = k(k+ 1), a = s(s+ 1) and f = T considered as a function on the
minor arcs m. By Theorem 8.9 we have A = Ps*+<. Further our corollary above
yields B = P¥~1*¢. Thus we get

sg—s(s+1) +s 2 k(k+1)—sg +

/|T(a)‘30da < P )k(kJrl) s(s+1) E(h+D)—s(s+1) 1€
m

k(k+1)—so

T e and n = (1—a)(k+1)4as we can rewrite the exponent

If we write a =
(K —1D(1—-a)+sa+e=(k+1)(k—1)(1—a)+s(s+1)a—as+e
=k(k+1)(1—a)+s(s+1La—n+e
=k(k+1)—[k(k+1)—s(s+1)]a—n+e
=58y —1n+te

We are done as soon as we can verify that 7 > k. A moderately annoying shows

that this is satisfied for
k—s—1

- B Ry
50 k11— s
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9.2. The major arcs revisited. We consider large n and put P = Ln%J The
complement of the minor arcs in [0,1), the major arcs, are as usual denoted by
M. We can decompose them in the pieces

m= ) {a€l0,1):|go—a| < (2k)'PF}.
—1 Vv
O<qogg(sé)q’ P’ :m(Qﬁ‘)
(a,9)=1

We claim that for

k—sy—1
2 0
L <
k Sok+1—80<8_k(k+1>
we have - 1
14 3)8 . .
/WT(O‘)SQ(—W)M = %&ﬁ(n)nk‘l + o(nf ).

To derive this we have to be slightly more carefully than in our first analysis of
the major arcs.
We put

and a
V(a,q,a) = q_lsa,qv(a — 5)

Note that by our bounds on S, , (see Lemma 6.17) and standard bounds on v(f)
(using partial summation and bounds on linear exponential sums) we have

V(o 6,0,0) < (g mingo, 57
First we need the following approximation.
Lemma 9.5. Let (a,q) =1 and o = rias B. We have
T(a) = V(a,q,a) < g2 (1 +n|B)=.
Furthermore, if |5] < (2k’q)_1n%_1, then the bound simplifies to
T(a) —V(a,q,a) < gzte.
The same result holds if, in the definition of V(«,a,q), we replace v(3) by

wie) = [ " oy

Proof. By splitting the sum defining f into congruence classes modulo ¢, and
detecting these by character orthogonality yields

T(a)=q" Y SupgF(b)

q q
—d<b<d
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for
bx
F(b) =) e(pz" — =)
<P q
By Remark 5.4 we have

F(b)= Y I(b+hg)+O(log(2+ H)),
h=—H

where —H, = Hy = H = ||3|kP*! +%J and

I(e) = / e(By* — cy/a)dy.

Using our estimate for S, , and

we obtain

T(a) = ¢ " Saqui(8) =q7" Z Sabql (D) + O(q%Jre log(2+ H)).
—Bl;ngB,

Starting from here we can first deal with the case || < (2kq)~!'P. In this case
0< H <2 Suppose b#0and 0 <y < P, then

b 1.0
By — =] > S||.
q 294
Thus, in this range the integral 1(b) can be treated simply using partial integration.
This yields
b
) < |-
q
We get the estimate

Fl@) =g ' Saqn(B) < g7' D (b qgb ! < g2t
1<bkq

Next we will argue that we can replace v1(3) by v(5). This is seen as follows.
To do so consider the sum

1 1 1 1
GY)=>_ Emrl =Y+ Cp+O(YE ).

m<Y
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The last asymptotic can for example be derived using Euler-Maclaurin summation.
By partial summation we get

o(8) = G(P*)e(BP*) — 2mip / Je(By)dy

Pk
= (P+ C)e(BPH) — 2mi / (v + CR)e(By)dy + O(P'~* + |5|P).
1
Changing variables and integrating by parts yields
v(B) = vi(B) + O(1L + [B|P).

Thus we are free to pass between v; and v at the cost of an negligible error.
To treat the case of general § we argue as follows. We split the integrals 1(b) =
I, (D) + I5(b) in two parts. The part of I(b) on which y satisfies

_ b
oyt - 2y 2 1Y

>3 (3)

can be estimated as before by I;(b) < ¢/ |b| The contribution of these integrals
to the sum is bounded as above and we get

(@) =g Saqui(B) = a7 Y Sula,biq)(b)+0(g* log(2+H)+4* log(2)).
~B<b<B,
b£0
On the domain of integration of I5(b) we have |kpy*— — &| < |2£| One notes that
q q
I5(b) vanishes unless
3|b|

| | k—1
2! k <
7y < k16l

so that |b] < 2kq|B|P*~1. For such b set

1 k=2
L ESES]

Parts of the integral where |kBy*~1 — g\ > 0, are again estimated by integration

by parts obtaining the bound < 6~!. The remaining part of the integral is over an

interval [y1, 2] of length §~!. Thus this remaining part can be estimated trivially

by < 671, (The choice of § is precisely made to balance the length of the interval

where the phase is small with the upper bound coming from integration by parts
on the rest!) We can now estimate

S0 Sweb®) gt Y @6 < ¢ Td(g)|B)F PR
—BI;fOSBa 0<b<2kq|B|X k-1

Inserting this above completes the proof. U
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Next we need to revisit the singular series. Recall

ZA for A(q Z [q_ISa,q]se(—%).

a=1, q
(a,9)=1

Lemma 9.6. Suppose s > 1 and | = uk +v with 1 <v < k. Then
sl .
)< [ ) 1=
Furthermore, if X = | — max(k,v) > 0 and p*{ h, then
A@p') =0.
Here p"||k and y =174+ 1ifp>20orp=2and 7 =0 ory =7 + 2 otherwise.
Proof. We start with the case p > k, so that v = 1. By Lemma 6.15 we have

pEAWR) = (p* V) Z S5 ge(—anp™). (36)

a=1, pfa

We write @ = 2p¥ +y with 0 < 2 < p"~ and 1 < y < p*. Note that we can
execute the x-sum by character orthogonality picking up the condition p!= | n.
Using Lemma 6.15 again we get

U

p
Z —ynp™) =p* D D" e(—ynp™

y=1,pty y=1,pty
for v > 1. We can bound this sum by p*=1(p¥, np¥~"), which leads to
(A <p~ (', n).

For v = 1 we evaluate the y-sum above differently. Indeed we can write

(

> (Syp)e(—yhp™) = D T(xa) ) DX W) - X W)e(—ynp ).
y=1,ply 'xlEA, y=1

i=1,...,s

Here A is the set of non-principal characters x mod p such that x* is principal.
Note that A = (k,p — 1) — 1. The y-sum can be identified as another Gaufl sum.
Estimating the Gauf8 sums by |7(x)| = \/p we get

Alg) < p ™3 (p2 ('Y, n) + (', n)).

Note that we had to take the exceptional cases into account for which the product
X1 ---Xs is the principal character.

We turn towards p < k. When [ < max(y, k) the conclusion is trivial. We
assume [ > max(, k). But in this situation (36) holds as well. As above we obtain
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the vanishing condition for A(p'). In the non-vanishing situation (i.e. p'=¥ | n) we
have

U

p
plsA<pl) _ pus(kfl)plfv Z (Symv)se(_ynpfl) < pus(kfl)(pl’ h)
y=1,pty
This leads the desired bound immediately. O

With this at hand we can derive finer properties of the singular series.

Lemma 9.7. Suppose s > 4. Then &(n) converges absolutely and is non-negative.
Further, if s > max(5,k + 2), then &(n) < 1. If max(4,k) < s < max(5,k + 2)
one still has &(n) <K n.

Proof. First note that the previous lemma implies
Z AP < np~ 712 « np_%. (37)
1=1

Thus, exploiting multiplicativity, we get
_3\n n
Al < JJa+cp2)m < (¢
q<Q p<@Q

This yields absolute convergence and non-negativity is clear from the product
representation in terms of local densities.

We turn towards the claimed upper bounds. Let p’||n and write | = uk + v with
1 < v < k. Further define w by

if | <0 andwv=1,
w+wus —min(l,0) =< =1 if [ >0 and v =1,
-5 if v # 1.
We have

pv if [ < 0+ max(k, ),
AW) < {0 else

With this we can estimate

iM( z)| < p_% if 0 =0, or 0 > 1 and s > max(5, k + 2),
— b 0 if # > 1 and s > max(4, k).

The claimed estimates for the singular series follow directly from the Euler product

&(n) =@+ Awh).
P =1

The final preliminary lemma is the following estimate.
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Lemma 9.8. Suppose s > max(4,k + 1). Then
1 €
> akA(g) < (nQ)".
q<@Q
Proof. Using the notation from the previous proof we obtain
0 ifl <80,

p%A(pl) < ep b oif 0 <1 <0+ max(k, ),
0 if [ > 0 4+ max(k,).

Thus we obtain
> arlA(g)l < T —i—Zpk]A ) <dm)® [ +c/p).
q<Q p<Q p<Q

This already completes the proof. O

Completely analogously we can show that

q
Zq—t)\ Z |Sa,q|t <<Qe

9<Q a=1,
(a,9)=1

whenever ¢ > max(4, k). Here we take A\=0ift > k+1and A= ; if t = k.
We can now prove the following asymptotic evaluation of the major arc integral.

Theorem 9.9. Suppose that s > max(5,k + 1). Then there is 6 > 0 such that
I'(1+1/k)°
T(a)’e(—an)do = ————

| Tiare(amyia = =8

Proof. Take v € M, ,. We start by collecting some estimates. From T'(a) =
V(a,a,q) + O(q%“) we obtain

nk1&(n) + O(nr 170,

T(a)* = V(o a,q)° < 2" + q> |V (o, a,q)[" .

Inserting this into the ¢-part of the major arc integral yields

Z/zm anda—Z/m (o, a,q)’e(—an)do
(a,9)=

(a,9)=

O R g S i, [ as)

N[

(a,g)=1
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Summing this over ¢ < P yields

/ng(oz)S Z Z V(a,a,q)’e(—an)da + &,

0<gkP a=1, Ma,q
(a,q9)=1

where we can estimate the error by

€<<P2+f—k+6_‘_P4+EZqZ—s+e Z |Sqa|s 1 —1+4e€ < ’I”Lk —1— (5

q<P a=1,
(a,q)=1

Writing Moq = [—3, 5] \ (Mg — ¢) and estimating

§ / (@,a,q)*e(—an)do < IA(Q)!/ BTRAG < b0 (38)
m q—lpl—k
(a q)

allows us to enlarge the remaining major arc integral to [—21,1]. Thus we have

seen that 272

for

=3 A(g) and I(m) = /_ v(B)%e(—Bm)ds.

q<P

N

It is clear that we can replace the partial singular series &(m; P) by the full one
S (m) by making a negligible error. The result follows by asymptotically evaluating
I(m) as we have seen it done before. O

9.3. Completion of the Proof of Theorem 9.1. We are now essentially done.
We get the asymptotic formula

R (n) :/DRT(a)Se(—na)dth/mT(a)Se(—n(x)da

0(1+ 1) . .
— %Gs,k(n)nk_l +o(nkh),
for
k—s—1
B2 —s——— — < k(k+1).
sk+1—s<80_ (k+1)

The smallest possible choice for s within these constraints is

kE—s—1
— 1.2 _
so =k +1 msggc{sk_s+1—‘.
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Since our earlier analysis showed that the singular series can be bounded from
below in this situation. Thus we get that every sufficiently large number is rep-
resented by a sum sq positive kth powers. Therefore we must have G(k) < sy as
desired.

10. EXERCISES

Exercise Block 1. The goal of this exercise is recreate an (elementary) argument
due to M. A. Lukomskaja and proof the following theorem due to van der Waerden.

Theorem 10.1 (Van der Waerden). Let k,l be two arbitrary natural numbers.
Then there is an integer n = n(k,l) such that the following holds. If any piece
of the natural numbers of length n (i.e. [a,a +n] NN for a € N) is decomposed
into k arbitrary (sub)-sets, then at least one of these k sets contains an arithmetic
progression of length [.

The proof proceeds by induction on [ and it is an exercise to fill in the details
of the following steps.

a) Show the statement for [ = 2.

From now on we assume that the statement folds for some [ > 2 and put I’ = [+ 1.
We also set g9 = 1 and ny = n(k,l). Now we make the following inductive
construction:
qs = 2ns_1qs—1, and ng = n(k®,1)
for s > 1. To conclude the induction step we will establish that n(k,l + 1) = g.
b) Put A = [a,a + gx] NN for some a € N and decompose it in k disjoint sets

A=5U...US;.

we can interpret this as equivalence relation and write a ~ b if and only
if a,b € S; for some 1 < i < k. Two intervals I,J C A of successive
integers with the same cardinality (i.e [ = {b,b+ 1,...,b+r} and J =
{c,c+1,... c+r}) are called equivalent if a+i ~ c+iforalli =0,1,... 7.
Construct I” sets Ay, ..., Ay of successive integers with cardinality g,_; such
that
i. The minimal elements a; € A; form an arithmetic progression of length
I'. (For later reference we set dy = a; — a;_1.)
ii. The sets Aq,..., A, are all equivalent.
c¢) Continue this construction to find integers A,
i1,...,10 <1 with the following properties
1. Aih---,ik ~ Ajl,---Jk for 1 S il, e ,ik,jl, . 7jk: S [.
iil. For s <k, 1 <idy,...,06,7J1,---,Js <land 1 <igq,...,1 <1 we have
Ay oivsisstroin ™ D1 asisstsin:
iii. Fors <k, 1 <iy,...,4 <l'and i, = i,2+1 < U'wehave A; | i i1 i —
Aiyisisirsnin = ds. Where d, is some natural number. (Recall that
d; is fixed above.)

€ A with indices 1 <
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d) Use the numbers constructed above to find an arithmetic progression of
length " which lies completely on one of the sets S; (i.e. all terms of the
arithmetic progression are equivalent). Hint: Consider the numbers

ap = Al’,l’,...,l’a a; = Au/,...,l', sy O = A1,1,._.,1.

Solution: To see a.) we put n(k,2) = k+1. Then we observe that if we decompose
k+ 1 integers in k sets there is at least one set with 2 elements. We are done since
any 2 integers form an arithmetic progression of length 2.

We turn to b.). First note that there are at most £™ equivalence classes of
intervals of length m in A. The trick is to decompose the first half of A in
at most k%-1 equivalence classes of intervals of length ¢,_;. Note that the first
half of A is an interval of length n,_; = n(k%-1,[), so that we can apply the
induction hypothesis to find an arithmetic progression of length [ which are the
first elements of intervals Ay, ..., A; with g,_; elements of the same type. We add
the last interval A, artificially.

The idea behind c.) is pretty clear. We apply the same argumentation as in b.)
to each of the intervals A; producing intervals A;, ;, for 1 < i, <. We add the
final interval A;, ; of length ¢, artificially. We continue this procedure till we
have §A;, i, = qo = 1 and we identify these sets of one elements with the element
contained. To check the properties 7, 72 and 472 is no only a matter of unraveling
the notation.

Finally we come to d.). As the hint suggests we look at the k£ + 1 numbers
ao, - - . ,a,. The pigeon hole principle tells us that there is » < s such that a, and
as are in the same set (i.e. equivalent). We now define

G=Dy il
—— —— ———

T times s—r times k—s

for 1 <4 < I’ We claim that this is the desired arithmetic progression of length
" of the same type. Indeed the first ¢; ~ c3 ~ ... ~ ¢ by construction. But
¢y = a, ~ ag = c¢1. So that they are all equivalent. We still have to check that
the distance between two consecutive elements ¢; and C;,; remains constant as i
varies. To do so put

Cim = A . . )
&m L,...14 ... 4, 0 0, T (39)
for 0 < m < s —r. Of course ¢;o = ¢; and ¢; s, = ¢y = ¢;11. Note that by

construction we have ¢; ,, — ¢im+1 = drm- By the telescoping trick we have

S—T

Cit1 — Ci = Z(sz — Cim—1) = dpy1 + ...+ ds.

m=1

Since the latter is independent of ¢ the proof is concluded.
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Exercise Block 2. It should be well known (for example from algebraic number
theory) when the equation

n=a"+y’
is soluble over the integers. Furthermore, if n can be expressed as a sum of two

squares, the number of ways in which this can be achieved is well understood. Our
goal is to give another proof of the following theorem due to Lagrange.

Theorem 10.2 (Lagrange). For every n € N we can solve
n =i+ a3+ 15 + 1]
with (x1, T, T3, 24) € ZL,.

It is an exercise to complete the proof using the following steps.
a) Show the following identity due to Euler:

(@7 + 23 + 25+ 23) (i +v2 + 5 + i)
= (2191 + Tays + T3ys + Taya)? + (2192 — Loy + Tays — Tays)”
+ (T1ys — T3yy + Tays — Toya)® + (21y4 — Tays + Tays — T312)°.
b) Show that for every p > 2 there is 1 < m < p such that

mp = 2% + x5 + 15 + ]

is soluble over the (non-negative) integers. (Hint: Find 0 < z,y < 2% such

that > = —1 — 4* mod p.)

c¢) Show that for every p the equation

p=a7+ x5+ 23+ ]

is soluble over the (non-negative) integers. (Hint: Take m to be the minimal
natural number satisfying b.). Then argue by contradiction.)
d) Finish the proof of Lagrange’s theorem.

Note that the theorem of Lagrange has a strengthening which is due to Ja-
cobi. Indeed one can actually prove the explicit expression for the representation
numbers:

T(n):ﬁ{(ZEl?,IZL)eZZln:JJ%—f——|—xi}:8zm
m|n,

4m

This can be proved elementary but also has a very nice proof using modular forms.

Solution: Part a.) can be seen by brute force.
To see part b.) we proceed as follows. We first claim that there is a pair (z,y)

such that

2> = —1—y* mod p and |z, |y| < g
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To see this we look at the sets
A:{x2:ngng}andB:{—l—yQ:Ogyng},

The elements of set A (and similarly of set B) are pairwise incongruent modulo p.
(Indeed 2? = 23 mod p would imply p | (z1 — z2)(z1 + 2), which is impossible.)
Since §(AU B) = p + 1, the claim follows from the pigeon hole principle. But this
implies 22 4+ y? + 1 = 0 mod p. The latter can be rewritten as
2+ 4+ 1M+ 0% =mp
for m € Z. We complete this part of the exercise by observing
2 2
p P

0< <+ 4+ 1<
mp 4+4+ p

Turning to part c.) we observe that the statement is obviously true for p = 2.
For p > 2 let m = m(p) be the smallest (positive) number such that

m-p:xf—l—xg—i-xg—l—xi.
Suppose m > 1. We first show that m must be odd. Note that mp = 0 mod 2

implies (after renaming the x;’s if necessary) that x; +xo = 0 mod 2 and z3+ x4 =
0 mod 2. But then we can write

2 2 2 2
m [Tt T2 T1 — X9 T3+ T4 T3 — Ty
po- () () < () < ()
which contradicts minimality of m. Thus m must be odd. Take —mT_l <y; < mT_l

such that y; = x; mod m for ¢+ = 1,2, 3,4. We obtain the congruence

Yt + v +v; +yi = 0 mod m.

If m | ax; fori =1,2,3,4, then m | p which implies m = 1 and we would be done.
Thus, not all y;, 2 = 1,2,3,4 can be 0 and we find n > 0 such that

Vit+ys+ystyi=m-n.

A trivial estimate shows that mn < m? such that m < n. By Euler’s identity we
get

m*np = (mn) - (mp) = (27 + 23 + 25 + 23 (47 + 95 +y5 + Y + 2 + 2 + 20,
for
Z1 = T1Y1 + T2Y2 + T3Y3 + Tala,
2o = T1Y2 — T2Y1 + T3Ya — TaY3,
23 = T1Y3 — T3Y1 + T4Y2 — T2y and
2y = T1Ya — TaY1 + T2Y3 — T3Y2.

One checks that m | z; for i = 1,2,3,4. Thus we get

w= () + G+ G+ ()
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which contradicts the minimality of m.
Finally d.) follows easily from Euler’s identity (see a.)) and the fundamental
theorem of arithmetic.

Exercise Block 3. We still need to fill in some details left out in our proof of
the transformation behaviour of the Dedekind-eta-function. Recall that we had
defined the Dedekind sum:

s(d, c) = ;%d—j - {d—x] - %).

Prove the following facts about the group SLy(Z) as well as the sum s(d, ¢):

a) The group SLy(Z) is generated by the matrices T, S.
b) For (¢,d) = 1 we have

stde) = 3 (D)),
with .
() = bugz (x— [a] ~ 3).

c) s(d, c) satisfies the following properties:
o s(£d+ mc,c) = £s(d, ¢);
e If d is the inverse of d modulo ¢, then s(d, ¢) = s(d, c).
e If > = —1 mod ¢, then s(d, k) = 0.

d) Show the reciprocity formula in the form

12cd(s(d, c) + s(c,d)) = ¢ + d* — 3cd + 1.
for ¢,d > 0.

Solution: We start with a). Note that S? = —1, € SLy(Z) and T™ = ((1) T)
a b

Now suppose we have v = <c d) € SLy(Z). Without loss of generality we can

assume ¢ > 0. Indeed if ¢ = 0, then v = 7™ for some m and we are done. If
¢ < 0 we can replace 7 by —v. Further, we set

_pm., _ (atem b+dm\ [ad UV
v=4"y= c d =\ a/
By choosing m appropriately we can arrange that —c¢ < a’ < 0. We then observe

that
/ d Y
v'=8y = (_Ca/ _dl) = <CCL// d//) .

We have set things up so that 0 < ¢ = —a’ < ¢. Thus we have reduced the size
of the lower left entry. Continuing this procedure allows us to reach the situation
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’ = 0 after finitely many steps.

We turn towards b). We first observe that ((x)) is odd and of period 1. Thus we

have
> () =o.

rmodc

By a change of variables in the sum this leads to

Z ((d:)) =0 for (d,c) = 1.

xmodc

We compute

x. ., dx T iz
—N((— - — = —((— s(d, ¢
w;;lc((c))((c))mzoic(c ;C . )-

Starting from b) it is not hard to derive ¢). Indeed the first two bullet points
follow directly from the periodicity and oddness of ((-)). The final bullet point is
not much harder since d> = —1 mod ¢ implies d = —d mod ¢. We can thus simply
apply the first two points.

The most difficult part is d), which we treat now. Note that this reciprocity
formula was first derived from the functional equation of the Dedekind eta function
(or more precisely log(n(z))). However, since we use the reciprocity result to
deduce the transformation behaviour we will discuss a purely arithmetic proof
here. We first compute

S(™Er= 3 (e (G =ty —CQZ —% x+i21

=1 x mod ¢ r mod ¢ =1

On the other hand we have

Sy =S [ Ly

=1 =1
ol P2y o N dx 2dx [dx
SO ) 2],
c c 4 c c c c

r=1

sz (- [2]-2) Sl (2] )5S

=

Combining these two identities we obtain

2d-s(d,c)+§[d%}([d—:} ) d2+1z —%gx (40)
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We set [dj’”] = v — 1 and observe that possible values for v are v = 1,2,...,d.

Further put
N(v) = t{x: [d?x} =v—1}.

] ([4] 1) = e e

1 v=1

Thus we can write

Cc

M

xT

We investigate N (v
rewrite this as

\.—/ll

Note that z contributes to N(v) if v — 1 < £ < v. We

We conclude that

With this at hand we compute
x {‘?] (%))
(v — 1) ([ ] - {C(”d_l)D —d(d—1)

:;[d} (v—=1v—vw+1))+cdd—1)—d(d—1)

_ _221) [%} +d(d—1)(c—1).

Finally we compute

&.d
QU
H)—‘

d—1 -1 d—1
2ds(c, d) —2;1) (%— [%} —%) =— Zv [%] %;vz—;v

Inserting this above yields

Cil{d?x]([d—:l—i—)—stcd Zv +Zv+d —1)(c—1).

r=1

In view of (40) and multiplying with 6¢ we get

241 12¢2
13cd-s(d, ¢)+12cd-s(c,d) = 6d + Zx —GZx T v2—6c v—6cd(d—1)(c—1).



THE CIRCLE METHOD AND WARING’S PROBLEM 103

Recall the formulae

— c—1)e <, (c—1)e(2c—1
le:( )and;x:( )e( )

2 6

Inserting these evaluations we get

13cd - s(d, c) + 12cd - s(c,d)
= (d®*+1)(c—1)(2¢—1)=3(c—1)c+2c*(d—1)(2d—1)—3cd(d—1)—6cd(d—1)(c—1).
We are done after multiplying out the right hand side.

Exercise Block 4. We consider some standard techniques that are frequently
used in number theory. Show the following:

a) (Dirichlet Approximation) For every real number « and every N € N,
there is 1 < ¢ < N and a € Z such that |a—%\ < qiN.
b) (Divisor bound) Show that d(n) =3, 1 <. n* for all € > 0.

¢) (Partial summation) Let y € N and = € R with y < z. For g € C!([y, z])
we have

Z f(n)g(n) = Ss(y,x)g(x) — /w St(y,2)g'(z)dz.

y<n<z

d) (Useful Fourier series) For a ¢ Z we have

@-5= ¥ o

2mim
0£|m|<M

Solution: To prove a) we consider the N + 1 real numbers

0’1,{&},{2Q}’“_,{(PJ——1)@}
all lying in the interval [0, 1]. Now we divide the [0, 1] in N disjoint sub-intervals
of length N—!. For example the intervals [%, %) fori =1,...,N; and [%, 1].
By the pigeon hole principle two of the numbers considered above must lie in the
same interval. But then by definition of the bracket {z} = « — |z] the difference
of these two numbers is of the shape ¢f — p, where ¢ < N. Since the difference is
obviously bounded by % we are done after dividing by ¢.

We turn to b) and write n = [, p'». Then d(n) = [],(l, +1). We get

d(n):Hlp+1 < H lp—l—l.

ne pelp pelp

pln,
1
p<2e

pln

Indeed this follows since p > 2t implies

plr > 2 = (14 1) > 1, + 1.
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We continue our estimate as follows

d(n) I, +1 l,+1 2
< < — < 1.
ne - H 2¢bp H el,log(2) — H elog(2) <

zoln,1 pln, pln
p<2e p<2e p<2

To prove ¢) we use the fundamental theorem of calculus and get

Sily,x)g(x) = Y flmg(n) = Y f(n)(g(x) = g(n))

=Y s [ g@ig= [ 9@ S s
y<n<z n Y y<n<t

Finally we turn to d). Without loss of generality we assume 0 < a < % We
observe that, for m # 0, we have

/ e(—mt)dt = (=) + e(—am)‘

2mim 2mm

=

Summing up this identity and completing the geometric series in the integral yields

e(—ma) 1 3 2 sin((2M + 1)xt)
- a+== e(mt)dt = dt.
> 3= % comac= |

¥ N sin(7t)

By the mean value theorem we get

Z e(—ma) 1 /5 sin((2M + 1>7Tt)dt.

etg = sin(ma)

This implies the result by estimating the integral trivially and using the bound
sin(ra) ™! < [l 7t

Exercise Block 5. In the elementary proof of Hilbert’s theorem actually a slightly
more general problem was considered. Indeed, fix a (monic) polynomial f of degree
n. Write

rip(m) = {x € (No)*: f(z1) +... + f(zx) = m}.

Use the circle method to obtain an asymptotic formula for this generalised repre-
sentation number.

Solution: We write F'(x) = f(z1) + ...+ f(zr) — m. Note that large bits of the
argument will work for a general polynomial of degree n in k-variables as soon as
k is sufficiently large compared to n.
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Consider the box B = [0, X]* for X = [m=]. As before we make the Ansatz

Tk,f(m)—/o Z e(aF(x)) | da.

xEBNNE
-

—Sp(a)

For P > 2() > 2 we consider the major arcs

a 1
m:{a: ’Oé__‘ S e qSQand (a7Q>:1}

q — qP
First we observe that the intervals of 9 centred at different rational points %
do not overlap. The minor arcs are as usual the compliment of the major arcs
m = [0, 1] \ M.

We start by treating the exponential sum on the minor arcs. For a € [0, 1] we

set

Sila)= Y elaf(x)).

0<n<X

Note that by the construction of F' we have Sp(a) = Sy(a)*e(—am). Our obser-
vation is, that Weyl’s bound for exponential sums applies to this setting as before
and we can bound

—n

11 P\
S Xl 4+ =+ —
f(Oé)<< (Q+X+X")
This yields the minor arc bound
|/S()d!< Sela)t] < X (S o4 o o
m —+ =+ — .
e = REeRe Q X Xx»

We choose (Q = Xiand P = X”’%, so that for & > n2"*! have
/ Sp(a)da < XF "0 <« mu =0

for some small § > 0.
We turn to the major arc case. For a € 901 near % we put f = a— %. One writes

Se(@)= ) G(EF(H)) Y. eBFX).

u mod ¢ x€EBNNE,
x=u mod g

We want to replace the x-sum by the integral

B;(8) = / e(BF(x))dx.
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To do so we note that for our choice of P (actually P >; X" would do the job)

one has

P
‘aivf(x)! ngorlgvgkandxelg.
Thus applying Lemma 5.3 in each variable we get

Y. elBF(x) = q "Be(B8) + O((1+ X/g)* ).

xGBﬂng,
x=u mod g

Since the integral is independent of u we get
a _
Sr(a) = BF(B)CF(E) +0(q(g + X)),

for the complete sums’

OF<§> ¢ Y e<§F<u>>.

u mod ¢q

Note the trivial bound Cp(g) < 1.
Integrating this expression over the major arcs yields

[ sty =S erta) [ BelB)ds+ 0PTQH@+ X)),

4<Q 1BI<(¢P)~1

Here

l@=a* > e<§F<u>>.

a mod g u mod g

We will now replace the integral by
VelB) = [ Br(5)as.
R

Put v = % — 1. Using the special shape of F' one obtains the standard bound
Br(B) < (BX™) 17 X".

This immediately provides the estimate
/ Br(B)dB = Ve(B) + O((gPX ") Xk,
1BI<(qP)~*

Further, using Weyl’s bound (Lemma 5.1) we get

a —n
CF(E) <<q—k21 +e

6Note that in our special case this k-dimensional sum factors in 1 dimensional ones. More

precisely Cp(%) = Cy(2)" in the obvious notation.
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k217'n

In particular cp(q) < ¢'~ te. For k large, say k > n2", we have cp(q) < ¢~ 17"

for some 7 > 0. Setting &p = Zqzl cr(q) we get

> er(q) =Sr+0(Q7).
7<Q
Thus we have seen that
/ Sr(a)da = &pVi(B) + O((Q" + QHQPX ™)) X*").
m

:O(kanfé)

Recall our choice of () and P from the minor arc estimate to control the error
term.

It remains to treat singular series and singular integral appropriately. We start
with the singular series. First observe that

a mod ¢ dlg, d|F(q)

Inserting this in the definition of cp(q) we get

erlg) =™ Y p(5)d- (H{u mod g: F(u) = 0 mod d}).
dlq

If d*1wp(d) is the number of solutions to the congruence F(x) = 0 mod d, then
we have found

er(q) = p(wr(d) = s wrl(a).

In particular g and wp are multiplicative, so that cp is multiplicative. This allows
us to write

cr(q) = [ (wr(®) — wr(*™)).

p*|lq

Inserting this in the singular series yields
Gp =[]0+ (wr®) —wr@*™")) =[] or )
p a=1 p

This can be seen as a definition of dz(p), but we see straight away that
Op(p) = lim we(p®).
a—r00
We turn towards the singular integral. We will do so using the formula

/ sin(27 V)

e e(By)dB = Ojy<v for y # V.
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With this at hand we can compute

Ve(B) = /R Br(B)dp

_/ sin(2rpV)
- Jr 278V

= %ﬁ{x € B: |F(x)| < V}Y+O(TV 4 (TV) ™ W(TX™)7 Xk,

Br(B)dp + O /0 BV |Br(8)|d5 + /T (V) IB(8)1dB)

Here we used our bound on Br(f) as well as the estimates
sin(270V) = 270V + O(0*V?) and sin(270V) < 1.
We choose T'= V! and recalling that v = % — 1 we get

Ve(B) = srt(x € B: [F(x)| < V} +O(V7).

In particular one could take the limit V' — 0 to get a clean formula for the singular
integral. For our specific case we can take this computation one step further.
Combining the above formula for Vz(B) with the easy bound Vp(B) < X*™ we
get

tH{x € B:|f(xy) +...+ flar) —m| <UY < UX* ™" for any U > 0.

Since f is monic we have the approximation f(z) = 2™ + O(X™™!). This gives
1
Vi (B) = ﬁﬁ{x cB: |2t + ... 42l —m| < U+ OU X (UX ) XF™).

Choose U = kaﬁ and find
Ve(B) = V(m) + O(mn—179).

But V(m) is the same singular integral we evaluated for the classical Waring
Problem.
Combining everything we have seen that
k_ oy
r.f(m) = Cpp&p(m)mn—t + O(mn~'7?)

for some 6 > 0 and k > n2". Here we have C,, ), = I'(1 + 2)*T'(£)~! and

&r(m) = [ 6r(0)-

This asymptotic formula becomes only useful if enough information (such as
good lower bounds) on the singular series is available. This can be very hard in
general. For the special F' under consideration here this is doable but we omit the
details.
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Exercise Block 6. So far we have estimated exponential sums (for example using
Weyl’s inequality) and we have evaluated/estimated certain complete character
sums (for example Gau sums). Throughout this exercise we will focus a little
more on complete character sums.

Let us start by looking at the general sum

S(fre)= Y e(f@a),

z mod ¢q

for ¢ € N and f € Z[X]. Note that one could include a Dirichlet character
modulo ¢ as well as rational functions f € Z(X), but for our purposes this level
of generality suffices.

a) Suppose ¢ = rs with (r,s) = 1. Show that

S(f;q) = SGf;7)S(Tf;8).

Here 5 is the inverse of s modulo r and similarly 7 is the inverse of » modulo
S.

This reduces the problem of understanding sums S(f; ¢) for prime powers ¢ = p'.

Now there are two situations which turn out to be very different in nature. First,
if | = 1, then we are dealing with sums over finite fields. In this case Weil,
using methods from algebraic geometry, and later (Bombieri)-Stephanov, using
elementary methods involving auxiliary polynomials, showed the incredible bound

S(f;p) < (deg(f) = 1)vp.

This shows square root cancellation in the complete sum and is essentially the best
one can hope for. We will take this estimate for granted in what follows.

On the other hand, if [ > 1, there are elementary techniques to handle the
sums in question. These resemble the method of stationary phase as known from
analysis.

b) Write | = 2k + p > 1. Define the Gaufl sum

Gpla,b) = Z e((ax® + bx)p™).

x mod p

Show that

1 if p=0,
G(3f"(y), LY ifp=1.

-

S(Hp)=p" D elflyp ) {
y mod p*,
f'(y)=0 mod p*
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For (2ab,p) = 1 we can reduce Gp(a,b) to the classical Gaul sum by completing
the square.” One then obtains the evaluation

Gyfat) = o7 (%) -0 (Mfw»

oF
The upshot of this evaluation is that if the polynomial equation f’(y) = 0 mod p*

is well behaved, then we get essentially square root cancellation.
To end this exercise block we will put these tools to good use.

¢) Suppose (a,q) = 1, then

q

Sk(a,brq) = > e((az® + bx)g ") <pe 2 7(q,0).

=1

Note that this relies on Weil’s bound for exponential sums claimed above. One
can proof weaker bounds without it. For example, if k& = 3, Davenport proved
S3(a,b;q) < g5 in a more elementary fashion.

Solution: To see a) we write

1
q

Since f has integer coefficients we end up with

S(f;q) = Z e(5f(x)r ") e(Tflz)s™).

x mod g

+ — mod 1.

Il
=S |l
®» | 3

The claim follows from the Chinese Remainder Theorem.
We turn to b). We write the summation variable z as

x=y+zp" fory € Z/p*7 and z € Z/p"PZ.
Taylor expanding f at y yields

f@) = fly)+ )" + %f”(y)zzp% mod p** !

This leads to
St = Y ™) X W W) )

y mod pk 2 mod pk+r
Here one takes a closer sum at the inner sum. First, if p = 0, Then we get

Z e(f/<y)zpik7p + %f”(y)ZZPP) = Z e(f/(y>zpik7p) = pk(sf(y)zo mod p¥

z mod pkte z mod p¥

It p | b, completing the square is not necessary and one can simply drop the exponential in
the evaluation below.
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by character orthogonality. On the other hand, if p = 1, then we proceed as follows

S lF W W) )

z mod pkte
/ —k— L., - / _
= > et L)) > elf uwp™)
2z mod p w mod pk
!/ —k— 1 1 —
= PO pmomoa iy D, el (y)zp " LS.

2z mod p

We recognise the remaining z’-sum as a Gaufisum and the argument is complete.
Finally we turn towards c). According to a) it is enough to study Si(a,b;p').
Now if [ =1, we get

Si(a,b;p) < (k —1)y/p <% p2(p, b)

from Weil’s bound. Thus we can assume [ > 1. We write p? for the largest power
of p dividing b and set | = 2k + p. Note that if § > k+ p (including the case b = 0),
then the estimate is trivial. Since the implicit constant may depend on k we can
also assume that 7 < £ for p7||k.
We first consider even [ (i.e. p = 0). According to 2) we need to solve the
congruence
kay* ' + b= 0 mod p*.

Let N denote the number of solutions (mod p*) to this congruence. Then we have
Sk(aa b;pl) < Npk

If the congruence is insoluble, then we are done. This happens unless 8 > 7 and
(k—1) | @ — 7, which we assume from now on. We put A = (6 — 7)/(k — 1) and
y = p*w so that the new congruence to consider is

(kp~")aw* ' + (bp~”) = 0 mod p*~?

for 1 <w < pF > If k — X\ < k — 0 we are done since N < 1. Otherwise we have
N < pF=2=k=0) — pf=A and we are done.

We turn towards the situation of odd I (i.e. p = 1). Note that for f(y) = az*+bx
we have 1 f"(y) = a(];). Thus, if p | (’5), then the Gauss sum reads

Gp(lf"(y),f/(w) _ Z 6(];(%)

P =p-5 puw.

_k- —
2 p x mod p v pF
We obtain
S(a,b;p)y =p* YT e(fyp* ) (41)
y mod p¥,

f'(y)=0 mod pk+!
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One can complete the proof similar as above by counting solutions to the congru-
ence condition. (Here we use that the implicit constant depends on k to absorb
the additional factor of p.)

Finally look at p { (g) Here we still have to consider two cases. First we look
at those y with p | y. In these cases the Gaul sum again reduces to a linear sum
and we can argue as earlier. Thus it remains to look at those y with p { y. For
those we have square root cancellation in the Gaufl sum so that

Si(a,b;p') < p" 2 8{y mod p": aky" ' +b =0 mod p*}.

Note that this has only solutions with p t y if 7 = 6. We can count solutions as
usual to conclude the proof and the exercise.

Exercise Block 7. We have tried to sketch the derivation of Vinogradov’s main
conjecture from certain decoupling inequalities. Another approach mainly devel-
oped by T. Wooley is based on the so called efficient congruencing method. This
approach is more number theoretic in nature and has many nice features as well.
Nowadays its understood that efficient congruencing can be seen as p-adic version
of decoupling. The case k = 3 case of the main conjecture was actually established
by T. Wooley via his method before the seminal work of Bourgain-Demeter-Guth
saw the light of day. In this exercise we explore the efficient congruencing method
following the excellent exposition of Heath-Brown (see [He]).
Recall that J, ;(X) is defined to count the number of solutions to

el =2l g for 1< i<k (42)

with 1 < xq,...,29, < X. We want to prove the following critical case of Vino-
gradov’s main conjecture for k£ = 3:

Jo3(X) < X0t
We start by introducing some notation. As usual we write
fla) = Z e(arz + ...+ apa®) so that J,x(X) = / |f(a)|**da.
<X (0,1]%

For a fixed prime p > 5 and a positive exponent a we write

fola, &)= Y ez +... +apah).

<X,
r=£ mod p?

We put
Lo(X;€m5a,b) = / | falc, €))7 fo(a, n) 2™ da

(0,1]%



THE CIRCLE METHOD AND WARING’S PROBLEM 113

It will be helpful to observe that this counts solutions to (42) with the additional
conditions

r;=&mod p® for 1 <i<mand s+1<7<s+m and
:ciznmodpbformjtlgigsands+m+1§i§2s.
Note that Io(X;&,n;a,b) is obviously independent of £ and a. We define
I,(X5a,0) = max  I,(X;€ n;a,b) and IH(X;a,b) = mgaxpfo(X;f,n; a,b).

n#{ mod p n mod

We also shorthe notation and write J(X) = Js 3(X). It is now an exercise to prove
the following preliminary lemmata:

a) If p* < X we have
Io(X:a,8) < J2Xp).

b) If p < X we have

J(X) < pJ(2Xp™") +p L(X;1,1).
c) We have

IQ(Xv a, b) S IQ<X7 b, CL>%Il<X, a, b)%
d) If p* < X we have

I(X;a,b) < L(X;b,a)1J(2Xp "),
e) We have

1(X;a,b) < p**I,(X;3b,b)

if 1 <a <30
f) If 1 <a < b we have

(X a,b) < 2bp* "=V, (X ;20 — a, b).
g) If 1 <a <bandp® < X we have
L(X;a,b) < 2bp~10%/34140/3 [, (X b 2b — a)3 I, (X b, 3b)3 J(2Xp~?)z.

With these results at hand we can continue the proof. The lower bound from

the diagonal as well as the trivial upper bound tell us
X< J(X) < X"
We define
A=inf{0d e R: J(X) <6+ for X > 1}.
Of course if we show A = 0, then the proof is complete. We note that
L(X;a,b) < J(X) < X0ea < X OHe+A y—2a—db3(3b-a)

The latter holds for a < b. Starting from this we will argue by induction and show

that
[2 ()(7 a, b) <<e,a,b,n X6+A+ep72a74bp(37nA/6)(3b7a)7 (43)
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for 1 <a < band p*"® < X. Suppose this is done. Then we apply it witha =b =1
and choose p in

%Xﬁn <p< X,

Note that if we want p > 5, then this is possible for X > 103" by Bertrand’s
Postulate. From b) we get

J(X) < pJ(2X/p) +pL(X;1,1) < p<X/p)6+A+e 4 XOHA+ep12-nA/3,
Suppose A > 0, then we find n such that nA > 39. Thus we get
J(X) < X6+A+Ep—l < X6+A—37"+e'

This contradicts the definition of A and we must have A = 0.
We are left with showing (43). Since the case n = 0 is settled we continue
inductively. We assume p*""'? < X and use (43) to see

12(X7 b, 2b—a) < X6+A+ep72bf4(2b7a)p(3an/6)(3(2b7a)7b) — X6+A+ep4a710bp(37nA/6)(5bf3a)'

enever ] <a<balsoa<b<2b—aandp —a)<p < X.) Similarly
Wh l1<a<balsoa<b<?2b d p*" (20 < p?""'h < X)) Similarl
(43) we get
I (X, b, Bb) < X6+A+€p714bp(3an/6)(8b)‘

Finally note that

J(2Xpb—1) < X6+A+6p—6b—Ab’
for p* < X. Using these estimates with ¢) yields

[2(X; a, b) < prfloa/3+14b/3<X6+A+ep4a710bp(3an/6)(5b73a))%
_ “n 1 ¢ —6b 1
'(X6+A+ep 16,3 A/6)(8b))3<X6+A+p 6b Ab)2

:X6+A+6 —2a—4b, (3—nA/6)(3b—a),,—Ab/2

p p p

(3—nA/6)(3b—a)

S X6+A+€p—2a—4bp )

This is exactly what we claimed and the proof is complete. Admittedly this seems
very ad-hoc but there are some nice concepts behind.
Solution: ~ We start with a). Note that Iy(X;a,b) counts those solutions of
the Vinogradov-system which are of the shape x; = 1 + p’y;,. Obviously we have
0 <y; < Xp~°. Putz = y;+1. Because the system of equations is translation and
dilation invariant we see that z; also solves the equation. Further 1 < z; < 2Xp~°
trivially. Thus z; is counted by J(2Xp~%). This directly implies the claim.

We turn to b). We split the solutions to (42) in congruence classes £ = &; mod p
for 1 <7 < 12. We bound the number of solutions with & = ¢; forall 1 <1¢,5 <12
by

> In(X;0,m;1,1) < plo(X;1,1) < pJ(2Xph),

n mod p
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where we used a) and the definitions. For the remaining number of variables we
always have 7, j with & # ;. This yields

J(X) <pJ(2Xp™') + (122)1?(19 —1) /(0 l]:“)Ifl(oaé)fl(oa77)}‘(04)10|d04-

Here we have chose £ and 7 to maximise the right hand side. Applying Holder we
get

[ neon@nser s ([ A@oliieni)”
(0,13 (0,13

([ ineorin@mia)” ([ irera)
(0,12 (0,13

We obtain the estimate
J(X) < pJ(2X/p) + p*L(X:1,1)12.J(X)s.

This implies the result by dividing both sides by J(X)é and taking 6th powers.
Part ¢) is a simple application of Holder:

L(X: 6, a,) = / (s ) fo(ew m) Pda

(0,1

<([ esoPiptentda) ([ f@ofpamn )
(0,1]3 (0,1]3
< Iy(X;b,a)5 (X3 a,0)5.

W

Taking the supremum over & # 1 mod p gives the result.
Part d) works similar:

L(X;€,m;a,b) = |fa(a;§)|2’fb(05,?7)’10d04
(0,1)3

SO 8 : 12 i
= (/(0,1]3|fa(&’€)| | fo(cr, ) da) </(0’1]3|fb(04,77)| da)

< L(X;b,a)T1o(X:b,0)3 < L(X;b,a)iJ(2Xp )2,

This is as desired.
Let us treat e). Recall that I1(X;¢,n;a,b) counts solutions to (42) with

£+pay’i lf?,:177,
xT; =
n+ply;  else.
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We put v = £ — n and deduce by translation invariance that the new variables

{y—}—p“yi ife=1,7,
Zi = b
P°Y; else.

Considering the top equation (degree 3) yields the congruence
(v +py1)® = (v + p®y7)® mod p*.

We now recall that & Z n mod p. Thus p { v, so that we get v + p*y; = v +
p%y7; mod p3*. At then end this yields y; = y7; mod p3*~¢. We conclude that there
is a unique & out of p3*~¢ possibilities, so that x; = x7; = & mod p**. We obtain
the upper bound

L(X;€,m,a,b) < p*I,(X;3b,b).

The claimed inequality follows by taking the maximum.
The hardest part will now be to deduce f). Again we look at the solutions to
(42) counted by I5(X;&,m;a,b). These satisfy

&4 pty; for i =1,2,7,8,
Tr; =
n + ply; else.

Again we write p f v = £ — n and find new solutions z; = x; — 1. This directly
yields the congruence

(n+py1) + (n+p"y2)’ = (n+ p®yz)’ + (n+ p"ys)’ mod p’°,

for j =1,2,3. We put S; = y{ + yoJ — y% — yé. Using the congruence above for
Jj = 2,3 we find that

205 + paS; = 0 mod p?*~ and
30%S) + 3up®Sy 4+ p**S; = 0 mod p** .
Combining these in order to eliminate 57 yields
3up®Ss + 2p* S5 = 0 mod p* .
We divide out p* and are left with the two congruences
3vSy + 2p*S3 = 0 mod p2b_2“ and 2vS57 4+ 2p* S, = 0 mod p2b_2“.

To continue we need the following result, which we prove at the end:
Let N(p;a,c) denote the number of solutions (y1,ys, yr,ys) to

3vSy + 2p*S3 = 2vS, + 2p* Sy = 0 mod p°. (44)
Then if a > 1 and ¢ > 0 we have N(p;a,c) < (c+ 1)p*.
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With this at hand we continue as follows. Suppose 7; = v mod p?*~2¢ for

i =1,2,7,8 then ; = & mod p?*~¢ for & = £+ p®y; 0. The key observation is that
the contribution of those y;’s is given by

Fop—a(t, &1) for—a(at, &) fop—a(v, &7) for—a (v, &) fo(v, m) [Pdex

(0,13

<[ VTL sl &l s n)Pa
(0,13

i=1,2,7,8

4 8
- i=11;[7,8 (/(0,1]3|f2ba(a’§l)’ | fo(am) )

< I] L(X.&n2b—aa)

i=1,2,7,8

< I(X;20 — a,a).

1
1

Counting all possible y;0 we use the claim above. Collecting everything together
yields
L(X;a,b) < N(p;a,2(b— a))I(X;2b — a,b) < 2bp" "~ ,(X;2b — a,a)

as desired.

It remains to proof (44). This is done by induction on c¢. Note that the case
¢ = 0 is trivial. If ¢ = 1 we have p | S; and p | So. We get 2p? — p solutions
and are done. We turn towards the general case. We call a solution (y1, ¥z, 7, ys)
singular if y; = y» = y7 = ys mod p. The remaining solutions are obviously called
non-singular. We observe that for a non-singular solution the vectors

V(2uvS; + p*Sy) and V(3vSs + 2p*S3)

are not proportional modulo p. The upshot is that a non-singular solution modulo
p° will lift to precisely p? solutions modulo ptt. We therefore write Ny(p;a, ¢) for
the number of non-singular solutions modulo p°. By induction we easily see that
No(p; a,c) < 2p*. Tt remains to estimate the non-singular solutions. We set

Y1 =Y =yr = ys = mod p.
We set y; = 3 + pu; and S = W) +ub — ul —uj. Of course we have
208 + p*Sy = 2(v + Bp®)pS; + p*T2S,.
Similarly we get
3vSy + 2p*Sy = 68(v + Bp®)pS;| + 3(v + 2Bp*)p>Sh + 2p°“ T3 S5,

We set v/ = v + fp®. Eliminating 5] from the second equation we get the two
congruences

205, + pt1Sh = 0 mod p°~! and 31/S) + 2p*T1 S5 = 0 mod p°2.
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We have to count solutions u; modulo p°~!. Thus we first view the two congruences
above as a system of congruences modulo p“~2. The solutions of this system are
precisely counted by N(p;a+1,c—2). We have to investigate how such a solution
lifts to solutions modulo p°~!. To do so we note that

V(US| 4 p*TiSy) = 20/(1,1,—1,—1) # 0 mod p.

Thus each solution lifts to p? solutions of the two congruences modulo p¢~!. Taking
all possibilities for 3 into account we get at must p*N(p;a + 1,c¢ — 2) singular
solutions. Summing things up we combine singular and non-singular solutions to
get

N(p;a,c) < No(p;a,c) +p*N(p;a+1,¢c—2) < 2p% + p*(c — 1)p*™* = (c + 1)p*.

This completes the proof of (44) and the proof of f).
To see part g) we use f), ¢), e) and d) to obtain the desired inequality:

L(X:a,b) < 2bp* =V, (X;2b — a,b)
< 20p* "V ,(X,b,2b — a
(

wl—

[1(X 2b — a, b)

wln

)
< 20p' =9 [, (X, b,2b — a)5 (p**~ PV, (X;30,))°

2

< pr (b— a+2(a+b)/3[ (X b 2 — (l) <I2<X b 3b)iJ(2Xp*b)%)
= 2bp 10BHIUBLL (X b 2 — a)3 1o (X;b,3b)5.J(2Xp )2,

Exercise Block 8. What are the best bounds for G (k) we can prove with the
tools from these lectures?

Solution: We consider the following situation. Take & > 2 and s > k+1. Suppose
that N is sufficiently large and let ¢ be a function that is monotonically increasing
to infinity but satisfies () < t° for § sufficiently small.

We write Z, (N) for the set of positive integers % < n < N with

ry(n) n;(;))

k

Syp(n)nt ! > nilyp(n) ™!

We write Z =2, ,(N) and X = N#.
We claim that there are numbers 7, (s, k) € S* such that

/|T a)|da > N#~Yp(N)1Z (45)

for

K(a) = Z (s, k)e(na).

’I’LEZS’}C(N)

Here we use the same minor arcs as defined around (30).
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If we take the major arcs 9 in accordance with the minor arcs above we have
seen that

Se(—na)do — N1+ 1/k)° T na—1-26
| @y et-nayia = HEEE e a4 O ),

Note that we have

. [(14 1)y .
RE ) < Jryn) — B ()]
L'(3)
(1+ 1y 5
|/ f(a —na)da — lec)Ss,k(n)nE_w
E
[(1+4 Ly .
< \/ —na)dal + |/ a)da — (;Sk)Gs,k(n)nE_ll
I'(3)
/ —na)da| + O(nt~1=%),

Thus, for ¥ 5 <n < N and N sufficiently large we have

1
|/ —na)da| > an “L(n)7t
We define the desired numbers 7, (s, k) by requiring
|/ T(a)’e(—na)da| = nn(s,k:)/T(oz)Se(—na)doz (46)

when n € Z,,(N). We may assume that that 7,x(n) vanishes when n is not in
the exceptional set Z (V). With choice we get

Ni~lyp(N) 17 <« Z Ns,te (10 / )e(—na)da:/T(a)s Z nsk(n)e(—na) | do

S<n<N S<n<N

N J/

=K (o)

which is what we claimed.
Using Cauchy-Schwarz in (45) yields

Vit z < ([ |T<a>|28da); (/ 1|K<a>|2da)

By Parseval we have

NI

/0 K@)Pda= Y 1=z

’I’LEZS’k(N)
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From our minor arc estimate in Theorem 9.4 we get
/‘T(Oz)|2$ < X2sfk767
m

for L
232]{:2+1—r§1§a§ ’Vjﬁ—‘ .
Combining both yields
77 < N'Eg(N)X*7273 = (N Eg(N)?)2.
Thus, if we assume that ¢ grows slowly enough we obtain
Z < N7 for some small & > 0.

From this we obtain directly that for such s the number or n which are not repre-
sentable by a sum of s positive kth powers has density 0 (i.e. there are o(N) such
exceptional integers smaller than N). We get

K4+1 1 k—j—1
G k < — — Inax '—, .
1(k) < 2 2 i<k jk—j-i-l
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