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e PROBLEM SETTINGS

Cauchy—Problem
for Laplace’s Equation (CPLE)

y
ou __
u, 6_31 =7
Tmaz
2

u = fy |9 Au=0 Yalu=f3
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e PROBLEM SETTINGS

Cauchy—Problem

Hadamard Example (1923)
for Laplace’s Equation (CPLE)

Au =0,
u(z,0) =0,
7 du 1
gy (£, 0) = 5 sin(nm )— gn> v €(0,1)
u, Gu = u0,y) =u(l,y)=0,0<y <1
>4 = u,(z,y) = (nm) " ?sin(nrz) sinh(nry) ,
(x,y) €0,1] x [0, 1]
u = fy |2 Au =10 Y3l u=f3
lllposed: g, — 0, but u,(x,y) — oo (n — c0)
., for any y > 0
u:f1,§—z = ¢ 1 x

Lit.: Lavrentiev (’56), Payne (’60ff), Han (’82), Falk (’90),
M. Kubo (94), Kabanikhin + Karchevsky (’95),
Fayazov + Lavrentiev (’95) and many others.
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Cauchy—Problem

for more general

elliptic equations

Tmam

u=fo

ou _9
» By .

div(a(x)Vu) = f

u=f3

u=fi,5=¢
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Cauchy—Problem Shape Optimization
for more general Problem
elliptic equations

N
Y u =7
Tmax
ou
Tmazx fq given
Xg ="
u=fy div(a(z)Vu) = f u=f; u=0 PN Au=0 Y3 |u=0
2
a X o L
u=fi,5, = 1 ‘3—;=¢1,u=f1
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Remarks
e All three problems are illposed.

e . f1, fo, f3 can be set to zero in the Cauchy-Problem for more general
elliptic equations. Note: a = a(zx).

e The shape optimization problem needs the solution of the Cauchy—
Problem beforehand.
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Remarks
e All three problems are illposed.

e {. f1, fo, f3 can be set to zero in the Cauchy-Problem for more general
elliptic equations. Note: a = a(x).

e The shape optimization problem needs the solution of the Cauchy—

Problem beforehand.

Applications
e Medicine: Electrocardiology
e Geology: Gravimetric search of resources
e Steel production: Thickness of furnace wall

e Stationary Inverse Heat Conduction Problems

e-mail: hjreinhardt@math.uni-siegen.de 8/42




FOMAAS
7

University of Siegen
Applied and Numerical Mathematics

e METHOD OF LINES
APPROXIMATION

JI@Zih,iZO,...,N

2 . — . .
ANpu(zi, y) = g—yg(% y) + dizl 2}:;#“%1
2
u(xi, ) = u;, g—y%(:z:i, )~
U = (ula e :UN—l)

Apu=0<+<=U"+AU=0

with
2 1 0...0 0 0)
1 —21...0 0 0
A= # .........................
0 0 0...1-21
\0 0 0 . 1 —y
c ]RN—l,N—l

Boundary Conditions:

ui(0) = fi(wi), wi(0) = ¢1(x;),
i=1,... N—1

Y

rmax

Ul+AU =0
— h —
0 u=fi,u =¢ Lz
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e METHOD OF LINES
APPROXIMATION

JI@Zih,iZO,...,N

2 . — . .
ANpu(zi, y) = g—yg(% y) + dizl 2}:;#“%1
2
u(xi, ) = u;, g—y%(:z:i, )~
U = (ula e :UN—l)

Apu=0<+<=U"+AU=0

with
2 1 0...0 0 0)
1 —21...0 0 0
A= # .........................
0 0 0...1-21
\0 0 0 . 1 —y
c ]RN—l,N—l

Boundary Conditions:

ui(0) = fi(wi), wi(0) = ¢1(x;),
i=1,... N—1

Y
rmax
Ul+AUE0
«— h —
0 u:f17u/:¢l 19;

The above system can be decoupled, since
eigenvalues and eigenvectors of A are
known.

e-mail
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U+ AU =0
— WU"+WAU =0
— WU'+ WAW WU =0
=D
— (WU)"+ DWU) =0
Vi;U VH—|—DV:O,VZ(Ul,...,’UN_l)T
— v 4+Nv,=0,1=1,...,.N—1

A; = eigenvalues, D = diag ()\;),
W = (un|...|wy_1) eigenvectors of A (orthogonal)

e-mail: hjreinhardt@math.uni-siegen.de 11/42




Applied and Numerical Mathematics

FOMAAS University of Siegen u

U+ AU =0
— WU"+WAU =0
— WU"+WAW WU =0

=D
— (WU)"+DWU)=0
S VLDV =0,V = (v1,...,on_1)"
— v+ y=0,1=1,... , N—1

A; = eigenvalues, D = diag ()\;),
W = (un|...|wy_1) eigenvectors of A (orthogonal)

—  up(y) = & exp(vV = Ay) + rexp(—v —A\y), k=1,...,N —1
= & = \[ Z (Sm kjhm)fi(z;) + ZSSEI;(?:}‘Z:))%(%))
= \f > ( (kg ulay) — i“é“:;f))wj))
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—  solution U = (Uy,...,Un_1) of U" + AU =0

ui(y) = (WV)i(y)

N—-1 N-—1
= 2h - Z sin(¢khm) | cosh(n/—ALy) Z sin(kjhm) f1(z;)
k=1 7=1
5 N—-1
o (k) sinh(v/—Agy) 32_21 sin(kjhm)er(z;)

e-mail: hjreinhardt@math.uni-siegen.de 13/42
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Remarks:

1) The CPLG is solved by u(z,y) = > gi(z,y) with
k=1

(¢1(.), sin(km.))L
km

gr(x,y) = 2sin(kmx) ((fl(.),sin(lmr.))L2 cosh(kmy) + 2 sinh(lmry))

provided the series converges.
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Remarks:

1) The CPLG is solved by u(zx,y) = > gr(x,y) with
k=1

(¢1(.), sin(km.)) L
km

gr(x,y) = 2sin(kmx) ((fl(.), sin(km.))r, cosh(kmy) + 2 sinh(kwy))

provided the series converges.

2) The method of lines approximation is still illposed on every line.
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Remarks:

1) The CPLG is solved by u(zx,y) = > gr(x,y) with
k=1

(¢1(.), sin(k.))
km

gr(x,y) = 2sin(kmx) ((fl(.), sin(km.))r, cosh(kmy) + Lo sinh(/mry))

provided the series converges.
2) The method of lines approximation is still illposed on every line.

3) The CPLE is conditionally well-posed if data fi, ¢1 € Dy (data with bounded frequencies), where

1

6(0) = 6(1) = 0, / sin(krt)o(t) dt = 0, k > M

0

Dy = L ¢cCH0,1)

Solution:

ulz,y) = i <281n(k7m:) <(f1(.),sin(k7r.))L2 cosh(kry) + (2L SR, sinh(kﬂry)))

k
k=1

e-mail: hjreinhardt@math.uni-siegen.de 16/42
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4) Data spaces
D: = {¢eC"0,1]|$(0) = ¢(1) = 0}

Dy = {¢ € D| flsin(kﬁt)¢(t)dt =0,k > M}
0
Dl . = {CI)ERN1’ nil sin(kﬂjh)®j—O,N>k>M} (N> M)
j=1
where @ == (¢(h), ..., ¢((N—=1)h) ', ¢ € D.

Projection Py : RYN"t — D,

(Py®); = Z <2h z_: iy sin(/mrfh)) sin(kmjh)

k=1 (=1

e-mail: hjreinhardt@math.uni-siegen.de 17/42
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4) Data spaces
D: = {6eC0.1]]6(0) = 6(1) = 0}

Dy = {¢ eD| jl‘sm(km)d)(t) dt =0,k > M}
0
D = {@eRN1] 712—:1 sin(kmjh)®; = 0, N>k>M} (N > M)
j=1
where @ := (¢(h), ..., o((N —1)h) ', ¢ € D.

Projection Py : RY"t — Db,

(Py®); = Z <2h Z_ 0y sin(/mrﬁh)) sin(kmjh)

k=1 (=1

—> Fourier coeft. of ¢ € D), are finite sums,

1 N-1
/ o(t)sin(knt)dt = hY sin(kmjh)d;
0 =1

VM,N,keN, M < N,kE<N,feD).

e-mail: hjreinhardt@math.uni-siegen.de
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¢ CONVERGENCE AND ERROR ESTIMATES
(in case of data with bounded frequencies; assume N > M (h = 1/M)):

If fi,¢1 € Dy then |u(z;,y) — ui(y)| = O(h?) (h —0).

For perturbed data || fi — fi||c = O(€), |91 — 07|00 = O(e):

47T3 2
u(wiy) —up(y)| < ML exp(May) (|| fillz, + [@llz,)p? + 22 exp(r My)e

= Oh*+e),

e-mail: hjreinhardt@math.uni-siegen.de 19/42
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e CONVERGENCE AND ERROR ESTIMATES
(in case of data with bounded frequencies; assume N > M(h =1/M)):

If fi,¢1 € Dy then |u(z;,y) — wi(y)| = O(h?) (h—0).

For perturbed data || fi — fil|lc = O(€), ||¢1 — ¢7]|0 = O(e):

4.3 2
() — i) < Y exp(Mry) (|l + lon]z)h? + 2O o (rhry)e

= O(h*+¢),

where ;. is the semidiscrete solution belonging to data, which are perturbed and
projected onto D, afterwards, i.e. FY. = PyFie, 91, = Py,

M N—1
ui. = 2h ) sin(ikhm)cosh(v/—=Awy) ) sin(kjhm)(FY.);
k=1 j=1
Lo se | SRURAT) y)Nzl sin(kjh) ()
, — sinh(y/ — in(kjhm)(dy ),
E—1 Sln(kh§ i1 Le/d

e-mail: hjreinhardt@math.uni-siegen.de 20/42
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¢ CASE: BOUNDED SOLUTION (on %)

Stability Theorem: If u € C? (int(Q2)) N C () s.t.

Au(z,y) = 0 in int($2)
uw =0 on 21U22U23(i.6.f1:f2:f320)

o
a—Zm — ¢y(z) on ¥
|ullrymy < E ()

Then
=
Hu<7y>|lL2 < R1H¢1||L2 Ermaz
for all y € [0, 7pae], With Ry = max(rpay, 1).

Remarks:

1) The proof uses logarithmic convezity of s(y) = ||u(-, y)HiQ/yQ, i.e. In(s) convex.

2) CPLE is conditionally wellposed in this case.

e-mail: hjreinhardt@math.uni-siegen.de 21/42
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Approximability:

Projection (orth.) Py, : D — D)y satisfies

) M

H¢1 - PM¢1HL2(21) <

provided

() ullrysy < E,
holds.

Assume f; =0, ||¢p1 — ¢||loo = 0(¢). Then ...

r2 (1 — exp(—477Tmaz)) . exp(M T maz)

e-mail: hjreinhardt@math.uni-siegen.de
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Error estimates:

I(w = (u2)n) (Yl s

1_Tmax
< O1<Tmax>E | (eXp(M]\irmax))

e-mail: hjreinhardt@math.uni-siegen.de 23/42
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Error estimates:

I(w = (u2)n) (Yl s

1_Tmax
< O1<Tmax)E | (eXp(M]\irmax))

sinh(Mmr
+ Cy(y) 22T

4.3 «
+ Fptexp(May) (@)l Yy € [0, )

(uH)p(x,y) = % <2h El sin(kwjh)ujjg(y)> sin(kmx)

k=1 j=1
= continuation of (uf_(y),. .. ,u*N_lyg(y))T in Dy
u; (y) = solution on i-th line with data Py¢7 .

e-mail: hjreinhardt@math.uni-siegen.de
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Error estimates:

+ Cs(y)

M47T3y

+ 12

where

(w)n(z, y)

u; (y)

)n) () s

l(w = (wo)n

1_T’ma1’
S Cl <Tmax)E ’ ( M ) error

Y

exp(Mmrmaz)

2 sinh(Mmy) |
2 M © e

eXP<M7Ty>||<¢1>:HL1h2 Vy € [OarmaX>-

k=1

j:

N-1
<2h sin(kﬁjh)u;g(y)> sin(kmx)
1

= continuation of (uf_(y),. .. ,u}‘v_ljg(y))T in Dy

= solution on i-th line with data Py¢5 . o

(1) projection error, (2) data error; €, h fixed

e-mail: hjreinhardt@math.uni-siegen.de
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Optimal Convergence:

Inl/e

7T7nmax

IfM:{ —‘andh:\/g,then

I~ T )llzy < Calrmad) E- (JJ o

TTrmazx

__ Y
gl max

+ 20y (y) exp(m y)?“maxw

In(L)+mr 4-exp(7ry)-51_7“ngja:1:
b (G0 Lol mmnen)

— 0 (e — 0)

e-mail: hjreinhardt@math.uni-siegen.de
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e MORE GENERAL SITUATION: div(a(z)Vu) =0
(Assumptions: 0 < 1, < a(z) < R,, |d/(z)| < R))

Same program:

e Method of lines approximation
Difficulty: Eigenvalues, -vectors are not explicitly known

e Analyse discrete Sturm-Liouville-Eigenvalue Problem
(convergence of eigenvalues and eigenvectors)

e Use logarithmic convexity etc.

e-mail: hjreinhardt@math.uni-siegen.de 27/42
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e MORE GENERAL SITUATION: div(a(x)Vu) =0
(Assumptions: 0 < 1, < a(z) < R,, |d/(z)| < R))

Same program:

— Method of lines approximation
Difficulty: Eigenvalues, -vectors are not explicitly known

— Analyse discrete Sturm-Liouville-Eigenvalue Problem
(convergence of eigenvalues and eigenvectors)

— Use logarithmic convexity etc.

Similar results as for CPLE w.r.t. (vp, wi)oa = h Y alz;)vp(z,)wi(z;);
=/

use projection Py onto Dy also wr.t. (+,+)o,

e-mail: hjreinhardt@math.uni-siegen.de
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Convergence: For M = {ln(l/s)/(wrmam /%> —‘ , h=/¢

Y
Ta Tmax
S eRaIn(1 Ta
lu— ). < OB | G
’ Wrmax\/r_g
R?ermC(y) exp (\/ %W?J> El—rnfjax
+ z (1)

e-mail: hjreinhardt@math.uni-siegen.de

29/42




FOMAAS University of Siegen u

Applied and Numerical Mathematics

e Numerical results for Cauchy Problem (Hadamard’s example): a = const.

025 T T +1 T T T T T T

. g exact data

: N +- perturbed data (e=0.1)
0.2F o — - projected data (M=2) [

0.15

0.1

0.05

_0.25 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

m=2 M=2

Figure 1: Projected data ®; (from Hadamard Example) at y =0 onto D, with e =0.1,h = ﬁ,

e-mail: hjreinhardt@math.uni-siegen.de 30/42
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03 T T T T T T T T T
— exact data
* +- perturbed data (e=0.1)
+ . toy — - projected data (M=4)

T
w0 N

0.2 : SV .
0.3} -
_04 | | | | | | | | |

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Figure 2: same as Fig. 1 with M =4
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T T T T I I I

— exact solution

—— approximation with h=1/20
approximation with h=1/50

—— approximation with h=1/100

0.1

0.2

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3: Solution and line method approximations of Hadamard Example at y =1 for e =0.1, m =2, M =2

and different h’s

e-mail: hjreinhardt@math.uni-siegen.de

32/42




University of Siegen
Applied and Numerical Mathematics

-2

T T T T I I I

— exact solution

—— approximation with h=1/20
approximation with h=1/50
—— approximation with h=1/100

0.1

0.2

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: same as Fig. 3 with ¢ = 1072
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20 T T T T T T T T T
— exact solution
—— approximation with h=1/20
approximation with h=1/50
15 —— approximation with h=1/100 []

-15

_20 | | | | | | | | |

Figure 5: Solution and line method approximations of Hadamard Example at y =1 for e = 1072, m =2, M =4
and different h’s
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-2

T T T T T T I I I

— exact solution

—— approximation with h=1/20
approximation with h=1/50
—— approximation with h=1/100

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6: same as Fig. 5 with ¢ = 10~* (Note: ¢ ~ 1/exp M)
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80 T T T T T T T T T
— exact solution
—— approximation with h=1/20
approximation with h=1/50
60 —— approximation with h=1/100 []

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 7: Solution and line method approximations of Hadamard Example at y =1 for e =107, m =2, M =6
and different h’s
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-2

T T T T I I I

— exact solution

—— approximation with h=1/20
approximation with h=1/50
—— approximation with h=1/100

0.1

0.2

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 8: same as Fig. 7 with ¢ = 1076
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e Numerical results for Cauchy-Problem: a(x) =z + 1

2 T T T T T T T T T

— exact solution

—— approximation with h=1/20
approximation with h=1/50

—— approximation with h=1/100

Figure 9: Solution u = 22 + y* and line method approximations in case of a(z) = v + 1
at y =1 for e = 107", M = 2, different h’s (and h = z;)
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2 T T T T T T I I I

— exact solution

—— approximation with h=1/20
1.9 approximation with h=1/50
—— approximation with h=1/100

Figure 10: same as Fig. 9 with ¢ = 1073
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Conclusions for Cauchy problem:

When the 2-d domain is a rectangle, or can be transformed to a rectangle,
then

e the method of lines is a computable, eflicient and convergent approxi-
mation scheme;

e the regularization parameter M (i.e. dimension of data space) can
be chosen — and computed — in an optimal way depending on the
magnitude € of data perturbations, the bound E on the unknown
part of the boundary, and the mesh width h.

e The general case V(a(x)Vu) = 0 can be treated similarly.

e-mail: hjreinhardt@math.uni-siegen.de 40/42
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e Numerical results for shape optimization

1.6 T T T T T T T T T
—— exact boundary
—— appr. withe=0.1
appr. withe=1e-3
1.4 —— appr. withe=1e-5
1.2
1 -
0.8
0.6
0.4
02 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 11: Solution of Hadamard example and approximation of shape identification
with m =2 M =4, h = % and different ¢’s (exact form of shape 1 + sinmz)
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0.9 T T T T T T T T T
—— exact boundary
—— appr. withe=0.1
08}k appr. withe=1e-4
—— appr. withe=1e-7

Figure 12: same as Fig. 11 (solution u = 2'%y!%, exact shape

1

2

(1+]5—=|))
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